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Course Objectives 

 Introduction to 

- Water resource systems 
o Planning, design, and operation 

- Application of 
o Economic principles (Cost – Benefit and Microeconomic analysis) 
o Operations research (linear and nonlinear optimization, and simulation 

modeling) 

to various surface and ground water resource allocation problems 

Course Outcomes 

 Students should 
- Be able to develop and solve various types of water resources planning 

and management (WRPM) models 
- Understand the advantages and limitations of modeling methods and 

algorithms used in WRPM 
- Understand and appreciate how models can be used in WRPM 
- Understand and critically evaluate literature in WRPM 

      Course Topics 
 Planning and management issues: 

- Institutional objectives and constraints 
- Identification and evaluation of alternatives 
- Advantages and limitations of modeling 

 Economic Analysis: 
- Use of cost-benefit and microeconomic analysis 

 Modeling: 
- Application of models, solution methods 

 Integrated River Basin Planning 
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Ch. 1 - Water Availability 

Global Water Resources 
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Water Stress Index 
 Based on human consumption 

 linked to population growth 

 Domestic requirement: 

 100 L/c/d = 40 m3/c/yr 

 Associated agricultural, industrial & energy need: 

 20 x 40 m3/c/yr = 800 m3/c/yr 

 Total need: 

              840 m3/c/yr 

             about 1000 m3/c/yr 

Water Stress Index 
 Water availability below 1,000 m3/c/yr 

             chronic water related problems impeding development and harming human 

health 

Water sufficiency: >1700 m3/c/yr 

Water stress: <1700 m3/c/yr 

Water scarcity: <1000 m3/c/yr 
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 Water Planning 
•  State Water Plan provides for development, management, and conservation of water 

resources and preparation for and response to drought conditions, in order that 
sufficient water will be available at a reasonable cost to ensure public health, safety, 
and welfare; further economic development; and protect the agricultural and natural 
resources of the entire state 

• Steps: 
– Describe the regional water planning area. 
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– Quantify current and projected population and water demand 
–  Evaluate and quantify current water supplies 
–  Identify surpluses and needs 
– Evaluate water management strategies and prepare plans to meet the needs 
–  Recommend regulatory, administrative, and legislative changes; and 
–  Adopt the plan, including the required level of public participation. 

 

 

Sustainable Management of Water Resources 
Water resource systems that are designed and managed to fully contribute to the needs of 
society, now and in the indefinite future, while protecting their cultural, ecological and 
hydrological integrity.  

• ASCE sustainable water management workshop, 1997 
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Operations Research 
The first formal activities of Operations Research (OR) were initiated in England during 
World War II, when a team of British scientists set out to make scientifically based 
decisions regarding the best utilization of war materiel. After the war, the ideas advanced 
in military operations were adapted to improve efficiency and productivity in the civilian 
sector. 

What Is Operations Research? 
Imagine that you have a 5-week business commitment between Baghdad (BAG) and Arbil 
(ARB). You fly out of Baghdad on Mondays and return on Wednesdays of the same week. 
A regular round-trip ticket costs $400, but a 20% discount is granted if the dates of the 
ticket span a weekend. A one-way ticket in either direction costs 75% of the regular price. 
How should you buy the tickets for the 5-week period? 

We can look at the situation as a decision-making problem whose solution requires 
answering three questions: 

1. What are the decision alternatives? 
2. Under what restrictions is the decision made? 
3. What is an appropriate objective criterion for evaluating the alternatives? 
 

Three alternatives are considered: 

1. Buy five regular BAG - ARB - BAG for departure on Monday and return on Wednesday 
of the same week. 

2. Buy one BAG - ARB, four ARB - BAG- ARB,  that span weekends, and one ARB - 
BAG. 

3. Buy one BAG - ARB - BAG to cover Monday of the first week and Wednesday of the 
last week and four ARB - BAG- ARB, to cover the remaining legs. All tickets in this 
alternative span at least one weekend. 

The restriction on these options is that you should be able to leave BAG on Monday and 
return on Wednesday of the same week. 

An obvious objective criterion for evaluating the proposed alternative is the price of the 
tickets. The alternative that yields the smallest cost is the best. Specifically, we have 

Alternative 1 cost = 5 x 400 = $2000 
Alternative 2 cost = 0.75 x 400 + 4 x (0.8 x 400) + 0.75 x 400 = $1880 
Alternative 3 cost = 5 x (0.8 x 400) = $1600 

Thus, you should choose alternative 3. 
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Though the preceding example illustrates the three main components of an Operations 
Research model 1- alternatives, 2- objective criterion, and 3- constraints, situations differ 
in the details of how each component is developed and constructed.  

To illustrate this point, consider forming a maximum-area rectangle out of a piece of wire 
of length L inches. What should be the width and height of the rectangle? 

In contrast with the tickets example, the number of alternatives in the present example 
is not finite; namely, the width and height of the rectangle can assume an infinite number 
of values. To formalize this observation, the alternatives of the problem are identified by 
defining the width and height as continuous (algebraic) variables. 

Let 

w = width of the rectangle in inches 

h = height of the rectangle in inches 
Based on these definitions, the constraints of the situation can be expressed verbally as 

1. Width of rectangle + Height of rectangle = Half the length of the wire 
2. Width and height cannot be negative 
These restrictions are translated algebraically as 

1. 2(w + h) = L 
2. w ≥ 0, h ≥ 0 
The only remaining component now is the objective of the problem; namely, 

maximization of the area of the rectangle. Let Z be the area of the rectangle, then the 
complete model becomes: 

Maximize Z = w*h 

subject to 
2(w+ h) = L           w, h ≥ 0 

The optimal solution of this model is w = h = 
𝐿

4
, which calls for constructing a square shape. 

 Based on the preceding two examples, the general OR model can be organized in the 
following general format: 

Maximize or minimize Objective Function subject to Constraints 

A solution of the mode is feasible if it satisfies all the constraints. It is optimal if, in addition 

to being feasible, it yields the best (maximum or minimum) value of the objective function. 
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Ch.2 - Modeling with Linear Programming 
 

Chapter Guide: This chapter concentrates on model formulation and computations in 

linear programming (LP). It starts with the modeling and graphical solution of a two-

variable problem which, though highly simplified, provides a concrete understanding of 

the basic concepts of LP and lays the foundation for the development of the general simplex 

algorithm in Chapter 3. To illustrate the use of LP in the real world, applications are 

formulated and solved in the areas of urban planning, currency arbitrage, investment, 

production planning and inventory control, gasoline blending, manpower planning, and 

scheduling. 

Mathematical Formulation of LP model 
Step 1. Study the given situation, find the key decision to be made. Hence, identify the 

decision variables of the problem. 

Step 2. Formulate the objective function to be optimized. 
Step 3. Formulate the constraints of the problem. 
Step 4. Add non-negativity restrictions. 

The objective function, the set of constraints, and, the non-negativity restrictions together 
form an LP model. 

TWO-VARIABLE LP MODEL 
This section deals with the graphical solution of a two-variable LP. Though two-
variable problems hardly exist in practice, the treatment provides concrete foundations 
for the development of the general simplex algorithm. 

Example 1:- A farm has 1800 acre-feet of water available annually. Two crops are 

considered for which annual irrigation water requirements are 3 acre-feet/acre and 2 

acre-feet/acre, respectively. For various reasons, no more than 400 acres can be planted 

in crop 1, and no more than 600 acres can be allocated to crop 2. Estimated profits are 

300 $ per acre planted in crop 1, and 500 $ per acre planted in crop 2. Determine how 

many acres to plant in each crop to maximize profits. (Formulate and Graphically solve 

a linear programming model ). 



Water Resources Management & Economy 
4th stage – Dams & Water Resources Engineering Department – College of Engineering – University of Anbar - Iraq 

Asst. Prof. Dr. Sadeq Oleiwi Sulaiman 

 
 

5 
 

Sol: 
The LP model, as in any OR model, has three basic components. 

1.  Decision variables that we seek to determine. 

2.  Objective (goal) that we need to optimize (maximize or minimize). 
3. Constraints that the solution must satisfy. 

The proper definition of the decision variables is an essential first step in the development 
of the model. Once done, the task of constructing the objective function and the constraints 
becomes more straightforward. 
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Example 2. 

A Company produces both interior and exterior paints from two raw materials, M1 and 
M2. The following table provides the basic data of the problem: 

 Tons of raw material 
per ton of Maximum 

availability (tons) 
per day Exterior 

paint  
Interior 

paint 

Raw material, M1 6 4 24 

Raw material, M2 1 2 6 

Profit per ton ($1000) 5 4  

                                                                                                                                                                                                                                                                                                                                                   
A market survey indicates that the daily demand for interior paint cannot exceed that 
for exterior paint by more than 1 ton. Also, the maximum daily demand for interior 
paint is 2 tons. The Company wants to determine the optimum (best) product mix of 
interior and  exterior  paints that maximizes the total daily profit. (Formulate and 
Graphically solve a linear programming model ). 
Solution: 
 

The LP model, as in any OR model, has three basic components. 

1-  Decision variables that we seek to determine. 

2-  Objective (goal) that we need to optimize (maximize or minimize). 
3- Constraints that the solution must satisfy. 

 
The variables of the model are defined as 

xl = Tons produced daily of exterior paint 
x2 = Tons produced daily of interior paint 

Total profit from exterior paint = 5X1      (thousand) dollars 
Total profit from interior paint = 4X2       (thousand) dollars 
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The objective of the company is 

Maximize  Z = 5x1 + 4x2 

Next, we construct the constraints that restrict raw material usage and product demand. 
The raw material restrictions are expressed verbally as 

(Usage of a raw material by both paints) ≤ (Maximum raw material availability) 
 

6X1 + 4X2 ≤ 24 (Raw material M1) 
Xl + 2X2 ≤ 6  (Raw material M2) 

The first demand restriction stipulates that the excess of the daily production of interior 
over exterior paint, x2 - x1, should not exceed 1 ton, which translates to 

x2 - x1≤ 1   (Market limit) 

The second demand restriction stipulates that the maximum daily demand of interior paint 
is limited to 2 tons, which translates to 

                                       X2 ≤ 2   (Demand limit) 

An implicit (or "understood-to-be") restriction is that variables x1 and x2 cannot assume 
negative values. The nonnegative restrictions, x1 ≥ 0, x2 ≥ 0, account for this 
requirement. 
The complete Company model is: 

Maximize     Z = 5X1 + 4X2 

subject to 
6x1 + 4X2≤ 24 (1) 

X1 + 2x2 ≤ 6 (2) 
- x1 + x2≤ 1 (3) 

x2 ≤ 2 (4) 
X1,  X2 ≥0 (5) 

Any values of x1 and x2 that satisfy all five constraints constitute a feasible solution. 
Otherwise, the solution is infeasible. 

. 
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Step 1. Determination of the Feasible Solution Space: 

First, we account for the non-negativity constraints x1≥ 0 and x2≥0. In Figure 2.1,  the 
horizontal axis x1 and the vertical axis x2 represent the exterior- and interior-paint 
variables, respectively. Thus, the non-negativity of the variables restricts the solution-
space area to the first quadrant that lies above the xl-axis and to the right of the x2-axis. 

To account for the remaining four constraints, first replace each inequality with an equation 
and then graph the resulting straight line by locating two distinct points on it. For example, 
after replacing 6x1 + 4x2 ≤  24 with the straight line             6x1 + 4x2 = 24, we can 
determine two distinct points by first setting xl = 0 to obtain x2 = 6 and then setting x2 = 0 
to obtain x1 =4. Thus, the line passes through the two points (0, 6) and (4, 0), as shown by 
line (1) in Figure 2.1. 
 

 

FIGURE 2.1 Feasible space of the Reddy Mikks model 
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Step 2. Determination of the Optimum Solution: 
The feasible space in Figure 2.1 is delineated by the line segments joining the points A, 
B, C, D, E, and F. Any point within or on the boundary of the space ABCDEF is feasible. 
Because the feasible space ABCDEF consists of an infinite number of points, we need 
a systematic procedure to identify the optimum solution. 
The determination of the optimum solution requires identifying the direction in which 
the profit function z = 5x1 + 4x2 increases (recall that we are maximizing z). We can 
do so by assigning arbitrary increasing values to z. For example, using z = 10 and z = 
15 would be equivalent to graphing the two lines 5.x1 + 4x2 = 10 and 5x1 + 4x2 = 15. 
Thus, the direction of increase in z is as shown Figure 2.2. The optimum solution occurs 
at C, which is the point in the solution space beyond which any further increase will put 
z outside the boundaries of ABCDEF. 
The values of x1 and x2 associated with the optimum point C are determined by solving 
the equations associated with lines (1) and (2)—that is, 
6x1 + 4x2 = 24  
x1 + 2x2 = 6 
The solution is x1 = 3 and x2 = 1.5 with z = 5* 3 + 4 * 1.5 = 21. This calls for a daily 
product mix of 3 tons of exterior paint and 1.5 tons of interior paint. The associated 
daily profit is $21,000. 
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Example: Solve the following problem using Graphical method: 
Minimize  Z= 33X1+45X2 
Subject to: 
18X1+33X2 ≥ 77   4X1+6X2 ≥ 44   2X1 ≥ 4    3.5X2 ≥ 7   X1,X2 ≥ 0 
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Self –Test:  
A farm need at least 800 m3 of water daily. The water is provided by two nearby wells, and 
have the following properties: 

 TDS (ppm) Nitrate (ppm) Cost $/ m3 
Well 1 980 125 0.3 
Well 2 300 20 0.9 

The special requirements of the crop in the farm are at most 600 ppm for TDS, and at least 
50 ppm for Nitrate. The farm directorate wishes to determine the daily mixture of water 
from the two wells to obtain daily minimum cost. (use graphical method) 
 
 
Quiz 12-8-2015  
Two types of crops A & B can be grown in particular irrigation area each year. Each unit 
quantity of two types of crops can be sold for a price and requires units of water, units of 
land, units of fertilizer, and units of labor as shown in table below.  
(a) Structure a linear programming model for estimating the quantities of each of the two 

crops that should be produced in order to maximize total income. 
(b) Solve the problem graphically. 
 

 
REQUIREMENTS PER 

UNIT OF 
 

Resource Crop A Crop B 
Maximum Available 

Resources 
Water 2 3 60 
Land 5 2 80 

Fertilizer 3 2 60 
Labor 1 2 40 
Unit 
Price 

(1000 $) 
30 25  
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Linear Program Model in Equation Form: (Basic Concepts) 
A mathematical program is an optimization problem in which the objective and constraints 
are given as mathematical functions and functional relationships. Mathematical programs 
treated in linear programs have the form: 

 

Each of the m constraint relationships in.(1 .1) involves one of the three signs: ≤ , = , ≥  

LINEAR PROGRAMS 

 

 

(Linear: no powers, exponentials or product terms) 
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Example 3:- Universal Mines Inc. operates three mines in West Virginia. The ore from 
each mine is separated into two grades before it is shipped; the daily production capacities 
of the mines, as well as their daily operating costs, are as follows: 
 

 High-Grade Ore, 
tons/day 

Low-Grade Ore, 
tons/day 

Operating Cost, 
1000$/day 

Mine I 4 4 20 
Mine II 6 4 22 
Mine III 1 6 18 

 

Universal has committed itself to deliver 54 tons of high-grade ore and 65 tons of low-
grade ore by the end of the week. It also has labor contracts that guarantee employees in 
each mine a full day's pay for each day or fraction of a day the mine is open. Determine the 
number of days each mine should be operated during the upcoming week if Universal 
Mines is to fulfill its commitment at minimum total cost. 
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Standard Linear Program  Form 
 

To initialize the method for solving linear programs involving many variables, one must 
transform all inequality constraints into equalities and must know one feasible, nonnegative 
solution. 
 

Any LP can be transformed  into Standard  Form 
 
Minimize         Z = c1 x1 + c2 x2 + ....... + cn xn 
 

subject to            a11 x1 + a12 x2 + ........ + a1n  xn = b1 
                           a21 x1 + a22 x2 + …..... + a2n xn = b2 
                                         . 
                                         .          
                          am1 x1 + am2 x2 + ….... + amn xn = bm 
 

    and    x1≥ 0 , x2 ≥0  ……...   xn ≥0 
bi, cj, aij : fixed real constants;  xi;  i =0, ..., n: real numbers, to be determined. 

We assume that bi ≥ 0 (each equation may be multiplied by -1 to achieve this). 

For example: 

The constraint  2Xl - 3x2 + 4X3 ≤ -5 is multiplied by -1 to obtain  -2Xl + 3x2 - 4X3 ≥ 5, 
which has a nonnegative right-hand side. 
Any variable not already constrained to be nonnegative is replaced by the difference of two 
new variables which are so constrained. 

 



Water Resources Management & Economy 
4th stage – Dams & Water Resources Engineering Department – College of Engineering – University of Anbar - Iraq 

Asst. Prof. Dr. Sadeq Oleiwi Sulaiman 

 
 

5 
 

SLACK VARIABLES AND SURPLUS VARIABLES 

A linear constraint of the form  Ʃ aij xj ≤ bi can be converted into an equality by adding a 
new, nonnegative variable to the left-hand side of the inequality. 
 

 Such a variable is numerically equal to the difference between the right- and left-hand 
sides of the inequality and is known as a slack variable. 
 

It represents the waste involved in that phase of the system modeled by the constraint. 
In previous Example 2. The first constraint in Problem  
                       6X1 + 4X2 ≤ 24 
The left-hand side of this inequality models the Usage of a raw material M1 in tons by both 
paints, while the right-hand side is the Maximum raw material M1 availability. This 
inequality is transformed into the equation: 
       6X1 + 4X2  + X3 = 24  …. …. … …  X3 ≥ 0 
by adding the slack  variable X3 to the left-hand side of the inequality. Here X3 represents 
the number of assembly tons available to the manufacturer but not used. 
     

تكون قيمته اكبر  الى الطرف الايسر  )لغرض تحويل المتباينات الاقل من او تساوي الى معادلات نضيف متغير راكد

 او الفرق بين الطرفين الايمن والايسر للمعادلة من او تساوي صفر ويمثل الكمية الباقية وغير المستعملة في الانتاج

  للقيد اعلاه فمثلا ولايغير هذا المتغير من طبيعة القيد او دالة الهدف

(let x1=3, x2 = 1 then x3 = 2) or if (x1=2, x2 =3 then x3=0) 

الكمية غير المستعمله أي ان  3X=24تكون قيمة  2X  =0و  X1=0بداية الانتاج عندما وفي الزمن صفر اي قبل  

 هي كل الكمية(

 

A linear constraint of the form Ʃ aij xj ≥ bi can be converted into an equality by subtracting 
a new, nonnegative variable from the left-hand side of the inequality. Such a variable is 
numerically equal to the difference between the left- and right-hand sides of the inequality 
and is known as a surplus variable. 
 

It represents excess input into that phase of the system modeled by the constraint. 
The first constraint in Example 3.  is: 
             4Xl + 6X2 + X3  ≥ 54 
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The left-hand side of this inequality represents the combined output of high-grade ore from 
three mines, while the right-hand side is the minimum tonnage of such ore required to meet 
contractual obligations. This inequality is transformed into the equation 
4 Xl + 6X2 + X3 - X4 = 54  …. …. … …  X4 ≥ 0 
by subtracting the surplus variable  X 4 from the left-hand side of the inequality. Here X4 
represents the amount of  high-grade ore mined over and above that needed to fulfill the 
contract. 

تكون قيمته اكبر  من الطرف الايسر فائضمتغير  طرحمن او تساوي الى معادلات ن كبرتحويل المتباينات الا)لغرض 

او الفرق بين الطرفين الايمن والايسر  للطرف الايمن عن الحاجة زائدةال المنتجة من او تساوي صفر ويمثل الكمية

 فمثلا  الهدفولايغير هذا المتغير من طبيعة القيد او دالة  للمعادلة

)0=  4then x 5, X3=4, x2 = 5x1=) or if (1=  4then x 5, X3=5, x2 = 5(let x1= 

وهذا يخالف شرط  4X= -54تكون قيمة  3X  =0و  2X  =0و  X1=0وفي الزمن صفر اي قبل بداية الانتاج عندما  

 (وجود متغير راكد الة عدمحمن اضافة متغير موجب يمثل الحل الاولي في عدم السلبية لذا لابد 
 

)على الاغلب عندما تكون دالة الهدف تعظيم تكون القيود اقل من او تساوي وعندما تكون تصغير تكون القيود اكبر من او تساوي 

 في دالة هدف واحدة( و =   ≥و    ≤  ولامانع ان تكون هناك قيود تجمع كل الاشارات
 

 GENERATING AN INITIAL FEASIBLE SOLUTION 
 

After all linear constraints (with nonnegative right-hand sides) have been transformed into 
equalities by introducing slack and surplus variables where necessary, add a new variable, 
called an artificial variable, to the left-hand side of each constraint equation that does not 
contain a slack variable.  
Each constraint equation will then contain either one slack variable or one artificial 
variable.  
A nonnegative initial solution to this new set of constraints is obtained by setting each slack 
variable and each artificial variable equal to the right-hand side of the equation in which it 
appears and setting all other variables, including the surplus variables, equal to zero. 

اد الحل الاولي نقوم باضافة بعد تحويل المتباينات الى معادلات باضافة متغيرات راكدة او طرح متغيرات فائضة ولغرض ايج

)مثل قيود الاكبر من او يساوي او قيود  متغير يسمى المتغير الصناعي للطرف الايسر من كل معادلة قيد لاتحوي متغير راكد

 أي ان معادلات القيود يجب ان تحوي اما متغير راكد او متغير صناعي. المساواة(

هو ان كل متغير راكد او متغير صناعي في الطرف الايسر وبذلك يصبح الحل الاولي غير السالب لمجموعة معادلات القيود 

 من المعادلة يكون مساوي للطرف الايمن منها وتكون بقية المتغيرات بما فيها المتغيرات الفائضة تساوي صفرا
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PENALTY COSTS 
 

The introduction of slack and surplus variables alters neither the nature of the constraints 
nor the objective. 
 Accordingly, such variables are incorporated into the objective function with zero 
coefficients.  
Artificial variables, however, do change the nature of the constraints. Since they are added 
to only one side of an equality, the new system is equivalent to the old system of constraints 
if and only if the artificial variables are zero. 
To guarantee such assignments in the optimal solution (in contrast to the initial solution), 
artificial variables are incorporated into the objective function with very large positive 
coefficients in a minimization program or very large negative coefficients in a 
maximization program.  
These coefficients, denoted by either M or - M, where M is understood to be a large 
positive number, represent the (severe) penalty incurred in making a unit assignment to the 
artificial variables.  
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In hand calculations, penalty costs can be left as ± M. In computer calculations, M must be 
assigned a numerical value, usually a number three or four times larger in magnitude than 
any other number in the program. 

So, for the previous Example the objective function become: 

Maximize :    Z= 3X1 + 7X2 + 0X3 – MX5 – MX6   

 
Example 5:   Put the following program in standard matrix form: 
               maximize: z = Xl + X2 
               subject to: Xl + 5x2 ≤ 5 
                                 2Xl + X2 ≤ 4 
                           with: Xl and X2 nonnegative 
sol: 
Adding slack variables X3 and X4 , respectively, to the left-hand sides of the constraints, 
and including these new variables with zero cost coefficients in the objective, we have 
maximize: z = Xl + X 2 + 0X3 + 0X4 
subject to: Xl + 5x2 + X3        = 5 
                 2Xl + X2        + X4 = 4 
with: all variables nonnegative 
Since each constraint equation contains a slack variable, no artificial variables are required; 
an initial feasible solution is X3 = 5, X4 = 4, x 1 = X2 = 0. System of above equations is 
in the standard LP form if we define: 
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Example 5:   Put the following program in standard form: 
                 minimize: z = 80x1 + 60x 2 
                 subject to: 0.20x1 + 0.32x2  ≥  0.25 
                                          Xl +     x 2   = 1 
                with: Xl and X2 nonnegative 
sol: 
To convert the first constraint into an equality, subtract a surplus variable X3 from the left-
hand side. The second constraint is already an equation, then: 
minimize: z = 80x1 + 60x 2 +0x3 
                 subject to: 0.20x1 + 0.32x2  - X3 =  0.25 
                                          Xl +     x 2           = 1 
                with: Xl , X2, and X3 nonnegative 
Since both first and second constraints does not contain a slack variable, add an artificial 
variable X4, and X5 to its left-hand side. Both new variables are included in the objective 
function, the artificial variable with a very large positive cost coefficient, yielding the 
program 
 
minimize: Z = 80x1 + 60x2+ 0x3 + MX4 + MX5 
subject to: 0.20x1+ 0.32x2 - X3 +X4           = 0.25 
                        x1 +       x2                 + X5   = 1 
 

with: all variables nonnegative 

This program is in standard form, with an initial feasible solution : 

X4 = 0.25, X5 = 1,  X1 = X2 = X3 =0. 

equations is in the standard LP form if we define: 

X= [ X1   X2  X3  X4  X5]T      C= [80 60 0 M M ]T     
 

A = [
0.2 0.32 1
1 1 0

     
1 0
0 1

]      b = [
0.25

1
]       X0 = [

X4
X5

]    C0 = [
M
M

] 
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Linear Programming: The Simplex and the Dual Simplex Methods 
 

THE SIMPLEX TABLEAU 
The simplex method is a matrix procedure for solving linear programs in the standard form:                        
optimize: , Z = CT X 
                                subject to: AX = B 
                                      with  : X ≥ 0 
where B ≥ 0 and a basic feasible solution Xo is known. Starting with Xo, the method 
locates successively other basic feasible solutions having better values of the objective, 
until the optimal solution is obtained. For minimization programs, the simplex method 
utilizes Tableau 3-1, in which Co designates the cost vector associated with the variables 
in Xo . 
 

 
 

For maximization programs, Tableau 3-1 applies if the elements of the bottom row have 
their signs reversed 
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Example 3.1: Put the following standard matrix form of linear program in simplex tableau 
where the objective function is minimize. 

 
Sol: 

 
 

A TABLEAU SIMPLIFICATION 
For each j (j = 1,2, .. . , n), define Zj == 𝐶0

𝑇𝐴𝑗, the dot product of Co with the j th column 
of A. The j th entry in the last row of Tableau 3-1 is cj - Zj (or, for a maximization program, 
Zj - cj), where cj is the cost in the second row of the tableau, immediately above Aj ; Once 
this last row has been obtained, the second row and second column of the tableau, 
corresponding to CT and Co, respectively, become superfluous and may be eliminated. 
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THE SIMPLEX METHOD 
 

STEP 1: Locate the most negative number in the bottom row of the simplex tableau, 
excluding the last column, and call the column in which this number appears the work 
column (pivot column). If more than one candidate for most negative numbers exists, 
choose one. 

STEP 2: Form ratios by dividing each positive number in the work column, excluding the 
last row, into the element in the same row and last column. Designate the element in the 
work column that yields the smallest ratio as the pivot element and the row in which pivot 
element is pivot row. If more than one element yields the same smallest ratio, choose one. 
If no element in the work column is positive, the program has no solution. 

STEP 3: Use elementary row operations to convert the pivot element to 1 and then to 
reduce all other elements in the work column to 0. 

 

STEP 4: Repeat Steps 1 through 4 until there are no negative numbers in the last row, 
excluding the last column. 

STEP 5: The optimal solution is obtained by assigning to each variable in the first column 
that value in the corresponding row and last column. All other variables are assigned the 
value zero.  
The associated z*, the optimal value of the objective function, is the number in the last row 
and last column for a maximization program, but the negative of this number for a 
minimization program. 
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Example:  Solve the following program using the simplex method 

 
Sol: 
Generating an initial feasible solution by converting inequality constraints to equation by 
adding slack variables.    
                             X1+2x2+x3+x4=9 
                           3X1+2x2+2x3+x5=15    
             Max.   z = x1+9x2+x3+0x4+0x5        all variables non negative                    
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The Simplex Method  ( Big-M method ) 
This program' is put in standard form by introducing artificial variables and substituting 
the appropriate coefficients into Tableau and then applying the simplex method directly. 
 

Example 3.6: Solve the following program using the Big M method 
 

maximize: z = -8Xl + 3x2 - 6X3 
subject to: Xl - 3x2 + 5x3 = 4 

                  5x1 + 3X2 - 4X3 ≥ 6 
with: all variables nonnegative 

Sol: 
This program' is put in standard form by introducing the surplus variable X4 in the 
inequality constraint and then artificial variables X5 and X6 in the two equality constraints. 
Substituting the appropriate coefficients into Tableau 3-1 and then applying the simplex 
method directly, with all calculations rounded to four significant figures and with the pivot 
elements designated by stars, we generate successively Tableaux 1through 4. 
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Modifications for Programs with Artificial Variables (two-phase method ) 
 

      Whenever artificial variables are part of the initial solution Xo, the last row of Tableau 
3.1 will contain the penalty cost M. To minimize roundoff error, the following 
modifications are incorporated into the simplex method; the resulting algorithm is the two-
phase method. 
 

Change 1: The last row of Tableau 3-1 is decomposed into two rows, the first of which 
involves those terms not containing M, while the second involves the coefficients of M in 
the remaining terms. 
The last row of the tableau in Example 3.1 is 
              -9-8M     0    -9-9M     0    M     0     - 14 - 2M 
Under Change 1 it would be transformed into the two rows 
              - 9          0      - 9          0    0      0        - 14 
              - 8          0      - 9          0    1      0          -2 
 

Change 2: Step 1 of the simplex method is applied to the last row created in Change 1 
(followed by Steps 2, 3, and 4), until this row contains no negative elements. Then Step 1 
is applied to those elements in the next-to-last row that are positioned over zeros in the last 
row. 
 

Change 3: Whenever an artificial variable ceases to be basic-i.e., is removed from the first 
column of the tableau as a result of Step 4-it is deleted from the top row of the tableau, as 
is the entire column under it. (This modification simplifies hand calculations but is not 
implemented in many computer programs.) 
 

Change 4: The last row can be deleted from the tableau whenever it contains all zeros. 
 

Change 5: If nonzero artificial variables are present in the final basic set, then the program 
has no solution. (In contrast, zero-valued artificial variables may appear as basic variables 
in the final solution when one or more of the original constraint equations is redundant.) 
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THE DUAL SIMPLEX METHOD 
 

The (regular) simplex method moves the initial feasible but nonoptimal solution to an 
optimal solution while maintaining feasibility through an iterative procedure. On the other 
hand, the dual simplex method moves the initial optimal but infeasible solution to a feasible 
solution while maintaining optimality through an iterative procedure. 
 

Iterative procedure of the Dual Simplex Method: 
STEP 1: Rewrite the linear programming problem by expressing all the constraints in ≤ 
form and transforming them into equations through slack variables. 
 

STEP 2: Exhibit the above problem in the form of a simplex tableau. If the optimality 
condition is satisfied and one or more basic variables have negative values, the dual 
simplex method is applicable. 
 

STEP 3: Feasibility Condition: The basic variable with the most negative value becomes 
the departing variable (D. V.). Call the row in which this value appears the work row. If 
more than one· candidate for D.V. exists, choose one. 
 

STEP 4: Optimality Condition: Form ratios by dividing all but the last element of the last 
row of cj - Zj values (minimization problem) or the Zj - Cj values (maximization problem) 
by the corresponding negative coefficients of the work row. The non basic variable with 
the smallest absolute ratio becomes the entering variable (E.V.). Designate this element in 
the work row as the pivot element and the corresponding column the work column. If more 
than one candidate for E.V. exists, choose one. If no element in the work row is negative, 
the problem has no feasible solution. 
 

STEP 5: Use elementary row operations to convert the pivot element to 1 and then to 
reduce all the other elements in the work column to zero. 
 

STEP 6: Repeat steps 3 through 5 until there are no negative values for the basic variables. 
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Solved Problems 
 

Q1: The electrical company need to built a project of electric generator across a river. 
It have three types of turbines with the following properties: 

Turbine type Flow needed (ft3/s) 
Width from river 

needed (ft) 
Net revenue .year 

($) 
Turbine ( 1 ) 280 35 11500 
Turbine ( 2 ) 350 65 15000 
Turbine ( 3 ) 500 75 19000 

If the total flow of river = 12000  ft3/s, and the net width of river = 2000 ft, find the 
optimum combination of turbine for maximum revenue.  

Sol: 
Let X1 = Number of turbines (1) in project 

X2 = Number of turbines (2) in project 
X3 = Number of turbines (3) in project 

Objective function:  
           Maximize  Z = 11500 X1 +15000 X2 + 19000 X3  
Subjected to: 
280 x1 +350 x2 +500 x3 ≤ 12000 
35 x1   + 65 x2  + 75 x3  ≤  2000 
X1 , x2 , x3 ≥ 0 
 
280 x1 +350 x2 +500 x3 + x4        = 12000 
35 x1   + 65 x2  + 75 x3          +x5 =  2000 

Max.  Z = 11500 X1 +15000 X2 + 19000 X3 +0 x4 + 0 x5 
X1 , x2 , x3, x4 , x5  ≥ 0 
 

X= [ X1   X2  X3  X4  X5]T      C= [11500  15000  19000  0  0 ]T     
 

A = [
280 350 500
35 65 75

     
1 0
0 1

]      b = [
12000
2000

]       X0 = [
X4
X5

]    C0 = [
0
0

] 
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 X1 X2 X3 X4 X5  ratio 
11500 15000 19000 0 0 

X4 0 280 350 500 1 0 12000 12000/500 
X5 0 35 65 75 0 1 2000 2000/75 

 - 11500 -15000 -19000 0 0 0  
 

 X1 X2 X3 X4 X5  ratio 
X3 0.65 0.7 1 0.002 0 24 24/0.7 
X5 -7 12.5 0 -0.15 1 200 200/12.5 

 - 860 -1700 0 38 0 456000  
 

 X1 X2 X3 X4 X5  ratio 
X3 0.95 0 1 0.01 -0.06 12.8  
X2 -0.56 1 0 -0.01 0.08 16  

 -1812 0 0 17.6 136 483200  
 

 X1 X2 X3 X4 X5  ratio 
X1 1 0 1.05 0.01 -0.06 13.45  
X2 0 1 0.59 -0.01 0.05 23.53  

 0 0 1903.36 37.39 29.41 507563  
Number of turbines (1) used in project = 13 
Number of turbines (2) used in project = 23 
Number of turbines (3) used in project = 0 
Total revenue = 13* 11500 + 23 * 15000 + 0 * 19000 = 494500$ 
Overall width of the river occupied by the turbines = 13*35 + 23*65 = 1950 ft 

Overall flow of the river that passes through the turbine = 13*280 + 23*350 = 11690 cfs 
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Q2:  An industrial water treatment plant receives 300,000 m3 of water per day. The 
water must be softened and chlorinated before use. The treatment process requires 
at least 100 units of a chlorination chemical and 150 units of a particular softening 
agent. Two alternative types of water additive package contain the chlorination 
chemical and softening agent. Additive A contain 3 units of chlorination chemical 
and 8 units of the softening agent per package. Additive B contain 9 units of 
chlorination chemical and 4 units of the softening agent per package. Costs of 
water additive are A and B are 8$ and 10$ per package, respectively. Determine 
the combination of treatment additive A and B that will minimize cost. (Solve the 
linear programming model by use Big-M method). 
Sol: 
 

 Chlorination (unit) Softening (unit) Cost $ 
Additive A package 3 8 8 
Additive B package 9 4 10 

 

Let X1 = No. of A package needed 
      X2 = No. of B package needed 

Objective function:  
           Minimize  Z = 8 X1 +10 X2  
Subjected to: 
3 x1 + 9 x2 ≥ 100 
8 x1 + 4 x2 ≥ 150 
X1 , x2 ≥ 0 

              

3 x1 + 9 x2 – x3       = 100 
8 x1 + 4 x2       – x4 = 150 

      

3 x1 + 9 x2 – x3       + x5          = 100 
8 x1 + 4 x2       – x4         + x6  = 150 

Minimize  Z = 8 x1 +10 x2 + 0 x3 + 0 x4 + M x5 + M x6  
X1 , x2 , x3, x4 , x5 , x6  ≥ 0 
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 X1 X2 X3 X4 X5 X6  ratio 
8 10 0 0 M M 

X5 M 3 9 -1 0 1 0 100 100/9 
X6 M 8 4 0 -1 0 1 150 150/4 

 8-11M 10-13M M M 0 0 -250M  

 
 X1 X2 X3 X4 X5 X6  ratio 

X2 0.33 1 -0.11 0 0.11 0 11.11 11.11/0.33 

X6 6.67 0 0.44 -1 -0.44 1 105.56 105.56/6.67 

 4.6-6.67M 0 1.11-0.44M M -1.1+1.4M 0 -105.56M-111.1  

 
 X1 X2 X3 X4 X5 X6  ratio 

X2 0 1 -0.13 0.05 0.13 -0.05 5.83  
X1 1 0 0.07 -0.15 -0.07 0.15 15.83  

 0 0 1.08+0.02M 0.69 0.94M-0.78 0 -183.9  

 
No. of A package needed = 16 
No. of B package needed = 6 
Number of chlorination chemical units provide for project = 3*16 + 9*6 = 102 unit 
Number of softening agent units provide for project = 8*16 + 4*6 = 152 unit 
Total cost = 8* 16 + 10 * 6 = 188 $ 
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Q3: A farm need at least 800 m3 of water daily. The water is provided by two nearby wells, 
and have the following properties: 
 

 TDS (ppm) Nitrate (ppm) Cost $/ m3 
Well 1 980 125 0.3 
Well 2 300 20 0.9 

 
The special requirements of the crop in the farm are at most 600 ppm for TDS, and at least 
50 ppm for Nitrate. The farm directorate wishes to determine the daily mixture of water 
from the two wells to obtain daily minimum cost. ( use two-phase method) 
 
Sol: 
Let X1 = volume of water (m3 ) from well 1 
      X2 = volume of water (m3 ) from well 2 
Objective function:     Minimize  Z = 0.3 X1 +0.9 X2  

Subjected to: 
x1 +  x2 ≥ 800 
980 x1 + 300 x2 ≤ 600 (x1  +x2) 
125 x1 + 20 x2 ≥ 50 (x1  +x2) 
X1 , x2 ≥ 0 

 
x1 +  x2 ≥ 800 
380 x1 -300 x2 ≤  0 
75 x1 - 30 x2  ≥ 0 
X1 , x2 ≥ 0 
 

       x1  +  x2 - x3          +x6     = 800 
380 x1 -300 x2   + x4                =0 
75 x1 - 30 x2            +x5     +x7=0 
Min.  Z = 0.3 x1 +0.9 x2 +0 x3 +0 x4 + 0x5 +Mx6 + Mx7  
X1 , x2, x3 , x4, x5, x6, x7 ≥ 0 
 

X= [ X1   X2  X3  X4  X5  X6 X7 ]T      C= [0.3  0.9  0  0  0  M  M ]T     
 

A = [
1 1 −1

380 −300 0
75 −30 0

    
0 0 1
1 0 0
0 1 0

  
0
0
1

]       b = [
800

0
0

]      X0 = [
x6
x4
x7

]    C0 = [
0
M
M

] 
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 X1 X2 X3 X4 X5 X6 X7  ratio 
0.3 0.9 0 0 0 M M 

X6 0 1 1 -1 0 0 1 0 800  
X4 M 380 -300 0 1 0 0 0 0  
X7 M 75 -30 0 0 1 0 1 0  

c-z 0.3-455M 0.9-270M 0 -M -M M 0 0  

Separate to 
two phase 

0.3 0.9 0 0 0 0 0 0  

-455 -270 0 -1 -1 1 0 0  
 

 X1 X2 X3 X4 X5 X6 X7  ratio 
X6 0 1.79 -1 0 1 0 0 800  
X1 1 -0.79 0 0.002 0 0 0 0  
X7 0 29.21 0 -1 0 -0.2 1 0  

 0 1.137 0 0 0 0 0 0  

 0 -629.45 0 0.197 -1 1 0 0  

 

 X1 X2 X3 X4 X5 X6  ratio 
X6 0 0 -1 0.06 1 0.01 800  
X1 1 0 0 -0.025 0 0 0  
X2 0 1 0 -0.034 0 -0.007 0  

 0 0 0 0.039 0 0.008 0  

 0 0 0 -21.35 -1 -3.4 0  

 

 X1 X2 X3 X4 X5  ratio 
X4 0 0 -16.66 1 16.66 13333.33  
X1 1 1 -0.44 0 0.44 333.33  
X2 0 1 -0.56 0 0.56 453.33  

 0 0 0.65 0 -0.65 -520  

 0 0 -355.8 0 354.8 284666.6  

 

كل عناصر العمود المحوري في الجدول اعلاه سلبية لذا يتوقف الحل عند هذا الحد وتكون قيم المتغيرات كما بما ان 

  z = 520 3m 453.33x2 = 3,  x1= 333.33 m ,  $يلي:  



                                                                                                                                                                                                                                                                                                                                                                                                                                     
 
 
 
 

Water Resources  
Management and Economy 

 
University of Anbar– College of Engineering 

Dams & Water Resources Engineering 

Department – 4th stage 

Asst. Prof. Dr. Sadeq Oleiwi Sulaiman 

 
 
 

 



Water Resources Management & Economy 
4th stage – Dams & Water Resources Engineering Department – College of Engineering – University of Anbar - Iraq 

Asst. Prof. Dr. Sadeq Oleiwi Sulaiman 

 
 

2 
 

Q4: Solve Q3 Graphically  
 

 
 
Q5:  Solve Q3 by use Big – M method 
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Q6: 
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Self Test 
Q1: 

 

 
Q2: The combination of three technologies is used to remove a certain pollutant from 
wastewater. The three technologies remove 1, 2, and 3 g/m3 of the pollutants, respectively. 
The third technology variant seems to be the best, but it cannot be applied to more than 
50% of the wastewater being treated. The costs of applying the technology variants are $5, 
$3, and $2 per cubic meter. If 1000 m3 must be treated in a day, and at least 1500 g of 
pollutant has to be removed, then formulate a simple linear programming to model this 
optimization problem. 
Q3: A steel manufacturer produces four sizes of I beams: small, medium, large, and extra-
large. These beams can be produced on any one of three machine types: A, B, and C. The 
lengths in feet of the I beam that can be produced on the machines per hour are summarized 
below: 

 
Assume that each machine can be used up to 50 hours per week and that the hourly 
operating costs of these machines are respectively $30.00, $50.00, and $80.00. Further 
suppose that 12,000, 6000, 5000, and 7000 feet of the different size I beams are required 
weekly. Formulate the machine scheduling problem as a linear program. 
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Quiz: 20-8-2015   
The combination of three technologies was used to remove a certain pollutant from 

wastewater. The three technologies remove 1, 2, and 3 g/m3 of the pollutants from 
wastewater, respectively. The third technology seems to be the best, but it cannot be applied 
to more than 50% of the wastewater being treated. The costs of applying the technology 
variants are $5, $3, and $2 per cubic meter. If at least 1000 m3 must be treated in a day, 
and at least 1500 g  of pollutant has to be removed. Formulate and solve a linear 
programming to model this optimization problem. 
Sol: 
 

Let X1 = Amount of waste water treated by using 1st technology in m3 
      X2 = Amount of waste water treated by using 2nd technology in m3 

      X3 = Amount of waste water treated by using 3rd technology in m3 

Objective function:  
           Minimize  Z = 5 X1 +3 X2 + 2 X3 
Subjected to: 

X1 + x2 + x3  ≥ 1000 
x1 + 2 x2 + 3 x3 ≥ 1500 
x3 ≤ 0.5 (x1+x2+x3)    …  - 0.5 x1 – 0.5 x2 +0.5 x3 ≤ 0  …  0.5x1 +0.5 x2 –0.5 x3 ≥ 0 
X1 , x2, x3  ≥ 0 
              

X1 + x2 + x3 – x4              +x7             =1000 

x1 + 2 x2 + 3 x3    -x5              +x8       =1500 
0.5x1 +0.5 x2 –0.5 x3 –x6               +x9=0 
 

Minimize  Z = 5 x1 +3 x2 + 2 x3 + 0 x4 + 0 x5 + 0 x6 + M x7 + M x8 + M x9  
X1 , x2 , x3, x4 , x5 , x6 ,x7 , x8, x9 ≥ 0 
by use big-M method for solve a linear program 

 
X1 X2 X3 X4 X5 X6 X7 X8 X9 

  

5 3 2 0 0 0 M M M 
X7 M 1 1 1 -1 0 0 1 0 0 1000 1000/1 

X8 M 1 2 3 0 -1 0 0 1 0 1500 1500/3 

X9 M 0.5 0.5 -0.5 0 0 -1 0 0 1 0  

 5-
2.5M 

3-
3.5M 

2-
3.5M M M M 0 0 0 -2500M  
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 X1 X2 X3 X4 X5 X6 X7 X8 X9 solution ratio 

X7 0.66 0.33 0 -1 0.33 0 1 -0.33 0 500 500/0.66 

X3 0.33 0.66 1 0 -0.33 0 0 0.33 0 500 500/0.33 

X9 0.66 0.83 0 0 -0.16 -1 0 0.16 1 250 250/0.66 

 4.33-
1.33M 

1.66-
1.16M 0 M 

0.66-
0.16M M 0 

-0.66+ 
1.16M 0 

-1000- 
750M 

 

 

 X1 X2 X3 X4 X5 X6 X7 X8 X9 solution ratio 

X7 0 -0.5 0 -1 0.5 1 1 -0.5 -1 250 250/1 

X3 0 0.25 1 0 -0.25 0.5 0 0.25 -0.5 375 375/0.5 

X1 1 1.25 0 0 -0.25 -1.5 0 0.25 1.5 375  

 0 -3.75+ 
0.5M 0 M 1.75-

0.5M 6.5-M 0 -1.75+ 
1.5M 

-6.5+ 
2M 

-2625- 
250M 

 

 

 X1 X2 X3 X4 X5 X6 X7 X8 X9 solution ratio 

X6 0 -0.5 0 -1 0.5 1 1 -0.5 -1 250 250/0.5 

X3 0 0.5 1 0.5 -0.5 0 -0.5 0.5 0 250  

X1 1 0.5 0 -1.5 0.5 0 1.5 -0.5 0 750 750/0.5 

 0 -0.5 0 6.5 -1.5 0 -6.5+M 1.5+M M -4250  

 

 X1 X2 X3 X4 X5 X6 X7 X8 X9 solution ratio 

X5 0 -1 0 -2 1 2 2 -1 -2 500  

X3 0 0 1 -0.5 0 1 0.5 0 -1 500  

X1 1 1 0 -0.5 0 -1 0.5 0 1 500  

 0 -2 0 3.5 0 3 -3.5+ 
M M M-3 -3500  

 

 X1 X2 X3 X4 X5 X6 X7 X8 X9 solution ratio 

X5 1 0 0         

X3 0 0 1 -0.5 0 1 0.5 0 -1 500  

X2 1 1 0 -0.5 0 -1 0.5 0 1 500  

 2 0 0 2.5 0 1 -2.5+ 
M M M-1 2500  

The optimal solution is:  
X1 = 0 m3 , x2= 500 m3 , x3 = 500 m3 ,  
The minimum cost for treated wastewater per day = 2500$ 
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Linear Programming: Duality and Sensitivity Analysis 
 

1- Duality 

Every linear program in the variables  X1,  X 2 , .. . ,Xn  has associated with it another 
linear program in the variables W1, W2, . .. , Wm (where m is the number of constraints 
in the original program), known as its dual. The original program, called the primal, 
completely determines the form of its dual. 
 

 
 

 
(Duality Theorem): If an optimal solution exists to either the primal or symmetric dual 
program, then the other program also has an optimal solution and the two objective 
functions have the same optimal value. 
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Primal model 
Max.          Z = C1X1 +C2X2+ …… + CnXn 
Sub. To:  
 a11 x1 +a12 x2 +a13 x3 + ……. + a1n xn ≤ b1 
a21 x1 +a22 x2 +a23 x3 + ……. + a2n xn ≤ b2 
.                 .                .                        .           . 
.                 .                .                        .           . 
am1 x1 +am2 x2 +am3 x3 + ……. + amn xn ≤ bm 
x1, x2, x3, ….., xn ≥ 0 
 

Dual model 
Min.       Z* = b1w1 + b2w2 + ……… + bm wm  ,  
 

Sub. To:  
 a11 w1 +a21 w2 +a31 w3 + ……. + am1 wm  ≥ C1 
a12 w1 +a22 w2 +a32 w3 + ……. + am2 wm  ≥ C2             
.                 .                .                        .           . 
.                 .                .                        .           .. 
a1n w1 +a2n w2 +a3n w3 + ……. + amn wm  ≥ Cn 
w1, w2, w3, ….., wn  ≥ 0 
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لمعالجة القيود عندما تكون في حالة المساواة )بالقيود المكافئة لها (, اي يعبر عن كل قيد مساواة بقيدين  ملاحظة :

اقل او يساوي الطرف الايمن لقيد المساواة, وعد ذلك يصار الى تعديل جميع القيود ان  والأخراحدهما اكبر او يساوي 

 (.1-يساوي بضرب المختلف *  تكون من نوع واحد )اي اما اكبر من او يساوي او اقل من او
 

Example : Determine the dual of the program 
Max.  z = 5x1 + 10 x2 
Sub. To: 
3 x1 – 7 x2 ≤ 20 
 x1 + x2 ≥   2 
4 x1 + 8 x2 = 30 
X1, x2, x3 ≥ 0 
 

Sol: 
Primal 
Max.  z = 5x1 + 10 x2 
Sub. To: 
3 x1 – 7 x2 ≤ 20 
 - x1 - x2 ≤  - 2 
4 x1 + 8 x2 ≤ 30 
- 4 x1 - 8 x2 ≤ - 30 
X1, x2, x3 ≥ 0 

Dual 
Min.   Z* = 20 w1 – 2 w2 + 30 w3 -30 w4 
Sub. To: 
3w1 – w2 +4 w3 – 4w4 ≥ 5 
- 7w1 – w2 + 8w3 – 8 w4 ≥ 10 
W1, w2, w3, w4 ≥ 0 
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Example :  Show that both primal and dual program in below problem have the same 
optimal value for Z, and that the solution of each is embedded in the final simplex tableau 
of the other. 
 
Max.   Z= 12x1 + 48 x2 
Sub. To: 
X1 +x2 ≤  10  
3x1 + 3x2 ≤ 24 
4 x1  ≥ 8 
X1, x2 ≥ 0 
 

Sol: 
1- To solve this program directly we need to add slack, surplus and artificial variables, 

and the application o two-phase or big-M method: 
Max.   Z= 12x1 + 48 x2 + 0x3 + 0x4 + 0 x5 – M x6 
Sub. To: 
X1 +x2    + x3                     =  10  
3x1 + 3x2       +x4               = 24 
4 x1                       -x5 + x6 = 8 
X1, x2, x3, x4, x5, x6  ≥ 0 

 X1 X2 X3 X4 X5 X6 
solution 

ratio 
12 48 0 0 0 -M 

X3 0 1 1 1 0 0 0 10 10/1 
X4 0 3 3 0 1 0 0 24 24/1 
X6 -

M 
4 0 0 0 -1 1 8 8/4 

 -4M-12 -48 0 0 M 0 -8M  
 
 

 X1 X2 X3 X4 X5 X6 solution ratio 
X3 0 1 1 0 0.25 -0.25 8 8/1 
X4 0 3 0 1 0.75 -0.75 18 18/3 
X1 1 0 0 0 -0.25 0.25 2  
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 0 -48 0 0 -3 M+3 24  

 X1 X2 X3 X4 X5 X6 solution ratio 
X3 0 0 1 -0.333 0 0 2  
X2 0 1 0 0.333 0.25 -0.25 6  
X1 1 0 0 0 0.25 -0.25 2  

Z 0 0 0 16 9 M-9 312  

Optimal solution:    x1 = 2   , x2 = 6    , Z max = 312 
 حيث ان:( في السطر الاخير وتحت قيم المتغيرات الراكدة والفائضة  dualملاحظة : تكون قيمة الحل المقابل )

W1 =0 , w2 = 16, w3 = 9 
 

To solve the program by use dual program: 
 

Primal 
Max.   Z= 12x1 + 48 x2 
Sub. To: 
X1 +x2 ≤  10  
3x1 + 3x ≤ 24 
- 4 x1  ≤ - 8 

Dual 
Min.   Z* = 10 w1 + 24 w2 – 8 w3 
Sub. To: 
w1 + 3 w2 - 4 w3  ≥ 12 
w1 + 3 w2             ≥  48 

 

To solve dual program we need to use either two phase or big M method,  
Min.   Z* = 10 w1 + 24 w2 – 8 w3 
Sub. To: 
w1 + 3 w2 - 4 w3  - w4 + w6         = 12 
w1 + 3 w2                     -w5   +w7 =  48 
Min.   Z* = 10 w1 + 24 w2 – 8 w3 +0 w4 + 0 w5 +M w6 + M w7 
 

 W1 W2 W3 W4 W5 W6 W7 
solution 

ratio 
10 24 -8 0 0 M M 

W6 M 1 3 -4 -1 0 1 0 12 12/3 
W7 M 1 3 0 0 -1 0 1 48 48/3 

 10-
2M 

24-
6M 

-8+4M M M 0 0 -60M  
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 W1 W2 W3 W4 W5 W6 W7 solution ratio 
W2 0.33 1 -1.33 -0.33 0 0.33 0 4  
W7 0 0 4 1 -1 -1 1 36  

 2 0 24-4M 8-M M -8+2M 0 -96-36M  

 
 W1 W2 W3 W4 W5 W6 W7 solution ratio 

W2 0 1 0 0 -0.33 0.33 0.33 16  
W3 0 0 1 0.25 -0.25 -0.25 0.25 9  
Z 2 0 0 2 6 -2+M -6+M -312  

Optimal solution:    w1 = 0   , w2 = 16,  w3 = 9    , Z *min. = - 312  
 

 حيث ان:( في السطر الاخير وتحت قيم المتغيرات الراكدة والفائضة  primal) الاوليملاحظة : تكون قيمة الحل 

X1 =2 , X2 = 6, w3 = 9, Z max. = - ( Z min.) = -(-312) = 312 
 
 



Water Resources Management & Economy 
4th stage – Dams & Water Resources Engineering Department – College of Engineering – University of Anbar - Iraq 

Asst. Prof. Dr. Sadeq Oleiwi Sulaiman 

 
 

8 
 

 



Water Resources Management & Economy 
4th stage – Dams & Water Resources Engineering Department – College of Engineering – University of Anbar - Iraq 

Asst. Prof. Dr. Sadeq Oleiwi Sulaiman 

 
 

9 
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Example : 
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Example : For a small irrigation project, two reservoirs (R1) and (R2) are available as 
shown in figure. The total volume of water per year that can be available from reservoir 
(R1) is (7,000,000 m3) and from reservoir (R2) is (5,000,000 m3). It is desire to convey at 
least (4,000,000 m3) of water per year to sites (A), (2,000,000 m3) of water per year to sites 
(B), and (6,000,000 m3) of water per year to sites (C). If the cost for conveying each 1000 
m3 of water from reservoir (R1) to sites (A), (B) and (C) are 10$, 13$ and 15$ respectively, 
and from reservoir (R2) to sites (A), (B) and (C) are 14$, 11$ and 8$ respectively. Find the 
amount of water to be conveyed from each reservoir to minimize the total cost of 
conveyance of water. (use concept of duality method)   

 
 
 
 
 
 
Sol: 
 
 
Let : 
X1= amount of water that convey from reservoir R1 to site A (1000 m3) 
X2= amount of water that convey from reservoir R1 to site B (1000 m3) 
X3= amount of water that convey from reservoir R1 to site C (1000 m3) 
X4= amount of water that convey from reservoir R2 to site A (1000 m3) 
X5= amount of water that convey from reservoir R2 to site B (1000 m3) 
X6= amount of water that convey from reservoir R2 to site C (1000 m3) 
 

 
 
 
 
 
 
 

R2 R1 

Site B 

Site A 

Site C 

R

1 

R

2 

Site A Site B Site C 

           X1    x2      x3           x4       x5    x6 
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Obj. Fun.: 
Min.   Z = 10 x1 + 13x2 +15x3 +14x4 +11x5 + 8x6 
Subj. to: 
X1+ x4 ≥ 4000 
X2+ x5 ≥2000 
X3+ x6 ≥ 6000 
X1 + x2 + x3 ≤ 7000   ……….   ……….  - X1 - x2 - x3  ≥ - 7000 
X4 + x5 + x6 ≤ 5000   ……….   ………   - X4 - x5 - x6  ≥ - 5000 
X1, x2 , x3 , x4, x5, x6 ≥ 0 
 

Convert to dual program 
Max.   Z* = 4000 w1 +2000 w2 + 6000w3 – 7000w4 – 5000w5 
Sub. To:  
W1 - w4  ≤ 10  
W2 – w4  ≤ 13 
W3 – w4  ≤ 15 
W1 – w5  ≤ 14 
W2 – w5  ≤ 11 
W3 – w5  ≤ 8                      W1, w2 , w3 , w4, w5, w6  ≥ 0 
 

Solve the dual program by using simplex method: 
Maximize: 
 Z*=4000w1+2000w2+6000w3–7000w4–5000w5+0w7+0w8+0w9+0w10+0w11+0w12 
Sub. To:  
W1                  -w4        + w6                                    = 10  
        W2         – w4               +w7                             = 13 
                W3 – w4                     +w8                      = 15 
W1                         – w5                    +w9                = 14 
        W2                 – w5                         +w10         = 11 
                 W3         – w5                               + w11 = 8       
  W1, w2 , w3 , w4, w5, w6 ,  W7, w8 , w9 , w10, w11 ≥ 0 
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w1 w 2 w3 w4 w5 w6 w7 w8 w9 w10 w11 

 ratio 
4000 2000 6000 -7000 -5000 0 0 0 0 0 0 

W6 0 1 0 0 -1 0 1 0 0 0 0 0 10  

w7 0 0 1 0 -1 0 0 1 0 0 0 0 13  

w8 0 0 0 1 -1 0 0 0 1 0 0 0 15 15/1 

w9 0 1 0 0 0 -1 0 0 0 1 0 0 14  

w10 0 0 1 0 0 -1 0 0 0 0 1 0 11  

w11 0 0 0 1 0 -1 0 0 0 0 0 1 8 8/1 

 -4000 -2000 -6000 7000 5000 0 0 0 0 0 0 0  
 

 w1 w 2 w3 w4 w5 w6 w7 w8 w9 w10 w11   

W6 1 0 0 -1 0 1 0 0 0 0 0 10  

w7 0 1 0 -1 0 0 1 0 0 0 0 13  

w8 0 0 0 -1 1 0 0 1 0 0 -1 7  

w9 1 0 0 0 -1 0 0 0 1 0 0 14  

w10 0 1 0 0 -1 0 0 0 0 1 0 11  

W3 0 0 1 0 -1 0 0 0 0 0 1 8  

 -4000 -2000 0 7000 -1000 0 0 0 0 0 6000 48000  

 

 w1 w 2 w3 w4 w5 w6 w7 w8 w9 w10 w11   

W1 1 0 0 -1 0 1 0 0 0 0 0 10  

w7 0 1 0 -1 0 0 1 0 0 0 0 13  

w8 0 0 0 -1 1 0 0 1 0 0 -1 7  

w9 0 0 0 1 -1 -1 0 0 1 0 0 4  

w10 0 1 0 0 -1 0 0 0 0 1 0 11  

W3 0 0 1 0 -1 0 0 0 0 0 1 8  

 0 -2000 0 3000 -1000 4000 0 0 0 0 6000 88000  
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 w1 w 2 w3 w4 w5 w6 w7 w8 w9 w10 w11   

W1 1 0 0 -1 0 1 0 0 0 0 0 10  

w7 0 0 0 -1 1 0 1 0 0 -1 0 2  

w8 0 0 0 -1 1 0 0 1 0 0 -1 7  

w9 0 0 0 1 -1 -1 0 0 1 0 0 4  

W2 0 1 0 0 -1 0 0 0 0 1 0 11  

W3 0 0 1 0 -1 0 0 0 0 0 1 8  

 0 0 0 3000 -3000 4000 0 0 0 2000 6000 110000  
 

 w1 w 2 w3 w4 w5 w6 w7 w8 w9 w10 w11   

W1 1 0 0 -1 0 1 0 0 0 0 0 10  

W5 0 0 0 -1 1 0 1 0 0 -1 0 2  

w8 0 0 0 0 0 0 -1 1 0 1 -1 5  

w9 0 0 0 0 0 -1 1 0 1 -1 0 6  

W2 0 1 0 -1 0 0 1 0 0 0 0 13  

W3 0 0 1 -1 0 0 1 0 0 -1 1 10  

 0 0 0 0 0 4000 3000 0 0 -1000 6000 116000  
 

 w1 w 2 w3 w4 w5 w6 w7 w8 w9 w10 w11   

W1 1 0 0 -1 0 1 0 0 0 0 0 10  

W5 0 0 0 -1 1 0 0 1 0 0 -1 7  

W10 0 0 0 0 0 0 -1 1 0 1 -1 5  

w9 0 0 0 0 0 -1 0 1 1 0 -1 11  

W2 0 1 0 -1 0 0 1 0 0 0 0 13  

W3 0 0 1 -1 0 0 0 1 0 0 0 15  

 0 0 0 0 0 4000 2000 1000 0 0 5000 121000  

 X1 X2 X3 X4 X5 X6 Z  
 

Amount of water that convey from reservoir R1 to site A = 4,000,000 m3 

Amount of water that convey from reservoir R1 to site B = 2,000,000 m3 
Amount of water that convey from reservoir R1 to site C = 1,000,000 m3 
Amount of water that convey from reservoir R2 to site A = 0 m3 
Amount of water that convey from reservoir R2 to site B = 0 m3 
Amount of  water  that convey from reservoir  R2 to  site C  =  5,000,000 m3 
Total cost of conveyance of water per year = 121,000 $ 
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1- SENSITIVITY ANALYSIS 

The scope of linear programming does not end at finding the optimal solution to the linear 
model of a real-life problem. 
Sensitivity analysis of linear programming continues with the optimal solution to provide 
additional practical insight of the model. 
Since this analysis examines how sensitive the optimal solution is to changes in the 
coefficients of the LP model, it is called sensitivity analysis. This process is also known as 
postoptimality analysis because it starts after the optimal solution is found.  
Since we live in a dynamic world where changes occur constantly, this study of the effects 
on the solution due to changes in the data of a problem is very useful. 
 

In general, we are interested in finding the effects of the following changes on the optimal 
LP solution: 
(i) Changes in profit/unit or cost/unit (coefficients) of the objective function. 

(ii) Changes in the availability of resources or capacities of production/service centers or    

limits on demands (requirements vector or RHS of constraints). 

(iii) Changes in resource requirements/units of products or activities (technological 

coefficients of variables) in constraints. 

(iv) Addition of a new product or activity (variable). 

(v) Addition of a new constraint. 
 

The sensitivity analysis will be discussed for linear programs of the form: 
maximize: z = CTX 
subject to: AX ≤ B 
with: X ≥ 0 
where X is the column vector of unknowns; CT is the row vector of the corresponding costs 
(cost vector); 
A is the coefficient matrix of the constraints (matrix of technological coefficients); and  
B is the column vector of the right-hand sides of the constraints (requirements vector). 
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To fix our ideas, the sensitivity analysis concepts will be exemplified through the following 
numerical problem: - 
 

maximize: Z = 20 X1 + l0 X2 
subject to:      Xl + 2X2 ≤ 40 
                     3xl + 2X2 ≤ 60 
with: Xl and X2 nonnegative 
This program is put into the following standard form by introducing the slack variables X3 
and X4 : 
 

maximize: Z = 20x l + l0x2 + 0x3 + 0x4 
subject to:       Xl + 2X2 + X3          = 40 
                     3x 1 + 2X2        + X 4 = 60 
with: all variables nonnegative 
The solution for this problem is summarized as follows: 
 

Initial Simplex Tableau: 
 

 

Final Simplex Tableau: 

 

Since the last row of the above tableau contains no negative elements, the optional solution 
is x1 = 20, x2 = 0, with z* = 400. 
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For clarity of exposition, the five types of modifications are illustrated case by case below: 
 

Example 4.1 Modification of the cost vector CT  
 

(a) Coefficients of the non basic variables 
Let the new value of the cost coefficient corresponding to the nonbasic variable X2 be 15 
instead of 10. 
 

The corresponding simplex tableau is 
 

 

Since (Z2 - C2) < 0, the new solution is not optimal. The regular simplex method is used 
to reoptimize the problem, starting with X'2 as the entering variable. 
The new optimal tableau is: 

 
The optimal solution is x1 = 10, x2 = 15, with z* = 425. 
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(b) Coefficients of the basic variables. 
 

Let the cost coefficient of the basic variable X1 be changed from 20 to 10. Then the simplex 
tableau becomes: 

 
Since (Z2 – C2) < 0, the new solution is not optimal. The regular simplex method is resorted 
to for reoptimization, first by entering X 2  
 

The new optimal tableau is 
 

The optimal solution is x1 = 10, x2= 15, with z* = 250. 
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Example 4.2  Modification of the requirements vector B 
 

Let the RHS of the second constraint be changed from 60 to 130. 
Then Xs = S -1 B  becomes 
 

(
𝒙𝟑
𝒙𝟏

) = 𝑺−𝟏 𝐁 =  (
𝟏 −𝟏/𝟑
𝟎 𝟏/𝟑

) (
𝟒𝟎

𝟏𝟑𝟎
) =  (

−𝟑. 𝟑𝟑
𝟒𝟑. 𝟑𝟑

) 

 
Since X3 < 0, the new solution is not feasible. The dual simplex method used to clear the 
infeasibility starting with the following tableau: 

 
The new final tableau is 

 
The optimal and feasible solution is x1 = 40, x2 = 0, with z* = 800 
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Example 4.3 Modification of the matrix of coefficients A 
 

The problem becomes more complicated, when the technological coefficients of the basic 
variables are considered. This is because here the matrix under the starting solution 
changes. In this case, it may be easier to solve the new problem than resort to the sensitivity 
analysis approach. Therefore our analysis is limited to the case of the coefficients of 
nonbasic variables only. 
 

Let the technological coefficients of X2 be changed from (2,2)T to (2, 1)T. 
Then the new technological coefficients of X2 in the optimal simplex tableau of the original 
primal problem are given by: 
 

𝑺−𝟏 𝐩𝟐 =  (
𝟏 −𝟏/𝟑
𝟎 𝟏/𝟑

) (
𝟐
𝟏

) =  (
𝟓/𝟑
𝟏/𝟑

) 

Hence the new simplex tableau becomes 

 
Since here (Z2 - C2) < 0, the new solution is not optimal. Again the regular simplex method 
is resorted to for reoptimization, first by entering X2. 
The new optimal tableau is : 

 
The optimal solution is x1 = 16, x2 = 12, with z* = 440 
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Example 4.4  Addition of a variable 
Let a new variable Xk be added to the original problem. This is accompanied by the addition 
to A of a column Pk = (3, 1)T and to CT of a component Ck = 30. Thus the new problem 
becomes: 
 

maximize:  Z = 20x1 + 10x2 + 30xk 
 

subject to:  Xl + 2X2 + 3Xk ≤ 40 
                  3x 1 + 2X2 + Xk ≤ 60 
with: all variables nonnegative 
 

Then the technological coefficients of Xk in the optimal tableau are: 
 

𝑺−𝟏 𝐩𝐊 =  (
𝟏 −𝟏/𝟑
𝟎 𝟏/𝟑

) (
𝟑
𝟏

) =  (
𝟖/𝟑
𝟏/𝟑

) 
 

The corresponding ( Zk - Ck ) = (8/3)(0) + (1 /3)(20) - 30 = 70/ 3. 
Thus the modified simplex tableau is: 

 

Now entering the variable xk , the regular simplex method is applied to obtain the following 
optimal tableau. 

 
The optimal solution is x1 = 17.5, x2 = 0, xk = 7.5, with z* = 575. 
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Example 4.5 Addition of a constraint 
 

If a new constraint added to the system is not active, it is called a secondary or redundant 
constraint, and the optimality of the problem remains unchanged. On the other hand, if the 
new constraint is active, the current optimal solution becomes infeasible. 
Let us consider the case of the addition of an active constraint, 2Xl + 3X2 ≥ 50 to the 
original problem. 
The current optimal solution (x1 = 20, x2 = 0) does not satisfy the above new constraint 
and hence becomes infeasible. Therefore, add the new constraint to the current optimal 
tableau. The new slack variable is X5 . The new simplex tableau is: 

 

By using the row operations, the coefficient of X1 in the new constraint is made zero. The 
modified tableau becomes 
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The dual simplex method is used to overcome the infeasibility by departing the variable 
X5. The new tableau is: 

 
 
The tableau on the left gives the optimal and feasible solution as x1 = 16, x2 = 6, x3= 12, 
with z* = 380 
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Solved Problems 

The optimal simplex tableau for the standard form of the above problem (with slack 
variables X4 and X5  is: 
 

 

If the new objective function is to maximize: Z = 6x1 + X2 + 15x3, find the new optimal 
solution by the sensitivity analysis approach. 
 

 
 
Sol: 
The new simplex tableau becomes 
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Since not all (Zj - cj) values are nonnegative, the new solution is not optimal. The regular 
simplex method is used to reoptimize the problem, starting with X2 as the entering variable.   
The new optimal tableau is 

The optimal solution is x1 = 3.857, x2 = 0, x3 = 1.714, with z* = 48.86 
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Sol: 
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4.27  If a new constraint Xl + X3 ≥ 2 is added to the following linear program with 

following optimal solution, find the new optimum solution through sensitivity 
analysis. 

  
 

Sol: 
The current optimal solution (x1 = 0, x2 = 3) does not satisfy the new constraint and hence 
becomes infeasible. Add the new constraint to the current optimal tableau. The new slack 
variable is X 7 and the new simplex tableau is: 
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Linear Programming: Extensions 

THE REVISED SIMPLEX METHOD 

Consider the following linear programming problem in standard matrix form: 
Maximize:                 Z = CTX 
Subject to:                 AX = B 
With:                            X ≥ 0 
Where X is the column vector of unknowns, including all slack, surplus, and artificial 
variables; CT is the row vector of corresponding costs; A is the coefficient matrix of the 
constraint equations; and B is the column vector of the right-hand side of the constraint 
equations. They are represented as follows: 

 
Let Xs = the column vector of basic variables, 𝐶𝑆

𝑇= the row vector of costs corresponding 
to Xs, and 
S = the basis matrix corresponding to Xs. 
 

STEP 1: ENTERING VECTOR Pk : 
For every nonbasic vector Pj, calculate the coefficient 
Zj - Cj = WPj - cj     (maximization program), or 

Cj - Zj = Cj - WPj    (minimization program),     where W = 𝑪𝑺
𝑻 S-1. 

The nonbasic vector Pj  with the most negative coefficient becomes the entering vector 
(E.V.), Pk . 
If more than one candidate for E.V. exists, choose one. 
 

STEP 2: DEPARTING VECTOR Pr : 
(a) Calculate the current basis Xs:  Xs = S-1 B 

(b) Corresponding to the entering vector Pk, calculate the constraint coefficients tk: 
tk =S-1 Pk 
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(c) Calculate the ratio θ: 

 
The departing vector (D.V.), Pr, is the one that satisfies the above condition. 
NOTE: If all tik ≤ 0, there is no bounded solution for the problem. Stop. 
 

STEP 3: NEW BASIS: 

 
 

and ui is a column vector with 1 in the ith element and 0 in the other (m - 1) elements. 
Set S -1 = Snew -1  and repeat steps 1 through 3, until the following optimality condition is 
satisfied. 
Zj - cj ≥ 0 (maximization problem), or 
cj - Zj ≥ 0 (minimization problem) 
Then the optimal solution is as follows: 

     Xs = S -1 B;     Z = 𝑪𝑺
𝑻  Xs 
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Solved Problems 
 

5.1 Use the revised simplex method to solve the following problem. 
Maximize : Z = l0 X1 + 11 X2 
Subject to: Xl + 2X2 ≤ 150 
                 3x l + 4X2 ≤ 200 
                 6x l + x2  ≤ 175 
With: X1 and X 2 nonnegative 
Sol: 
This program is put in standard form by introducing the slack variables X3, X4, and X5, 
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Example 2: 

 
Sol: 
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Example: 
An industry must have a water supply of at least 4x106 liters/day of a quality such that total 
dissolved solids (TDS) is kept below 100 mg/l. The water can be obtained from two 
sources: (1) purchase from the city system at $100 per million liters, and (2) pump from a 
nearby stream at $50 per million liters. The concentration of TDS in the city source is 50 
mg/l. TDS in the stream is 200 mg/l. Water from the two sources is completely mixed 
before it is used. The city can supply up to 3.5x106 l/day, and water rights permit pumping 
up to 2x106 l/day from the stream. 
a. Formulate a linear program to optimize the amount of water used from each source. 
Define your decision variables and the meaning of the objective function and constraints. 
b. Use the revised simplex method to determine the optimal solution. 
 

 
Quiz 24-11-2015: Revised simplex 
An aqueduct constructed to supply water to industrial users has an excess capacity in the 
months of June, July, and August of 14,000 acft, 18,000 acft, and 6,000 acft, respectively. 
It is proposed to develop not more than 10,000 acres of new land by utilizing the excess 
aqueduct capacity for irrigation water deliveries. Two crops, hay and grain, are to be grown. 
Their monthly water requirements and expected net returns are given in the following table: 
 

 
Formulate and solve a linear program to optimize the irrigation development. (use revised 
simplex method) 
 

 
 
 
 
 

 

                                   Monthly Water Requirement (acft/acre)  
Return, $/acre                                June                          July                   August  

Hay  2  1  1  100  
Grain  1  2  0  120  
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Integer Programming: The Transportation Algorithm 
 

The transportation algorithm is a special class of linear programs that deals with 
shipping a commodity from sources (e.g. factories, reservoirs,….etc.) to destinations (e.g. 

warehouses, farms, ……etc.). 
The objective: is to determine the shipping schedule that minimize the total shipping cost 
while satisfying supply and demand limits. 
The application of the transportation model can be extended to other areas of operation, 
including inventory control, employment scheduling, and personal assignment. 
 

Definition of the transportation algorithm 
The general problem is represented by the network below: 
There are (m) sources and (n) destinations, each represented by a node. The arcs 
represented the routes linking the sources and the destinations. Arc (i,j) joining the source 
(i) to destination (j) carries two pieces of information: the transportation cost per unit (Cij), 
and the amount shipped(Xij). The amount of supply at source (i) is (ai), and the amount of 
demand at destination (j) is (bj). 
The objective of the transportation model is to determine the unknowns Xij that will 
minimize the total transportation cost while satisfying all the supply and demand 
restrictions. 
STANDARD FORM 
It is assumed that the total supply and total demand are equal; that is, 
∑ 𝑎𝑖𝑚

𝑖=1 =  ∑ 𝑏𝑗𝑛
𝑗=1      ………… (1) 

Equation (1) is guaranteed by creating either a fictitious (dummy) destination with a 
demand equal to the surplus if total demand is less than total supply or a fictitious source 
with a supply equal to the shortage if total demand exceeds total supply. 
The standard mathematical model for this problem is: 

 



Water Resources Management & Economy 
4th stage – Dams & Water Resources Engineering Department – College of Engineering – University of Anbar - Iraq 

Asst. Prof. Dr. Sadeq Oleiwi Sulaiman 

 
 

3 
 

Example: a company has three factories, A, B, and C. the capacities of the three plants are 
250, 350, and 300 pieces respectively. The company exported its products to three 
warehouses D, E, and F that have a capacity of 200, 300, and 400 pieces, respectively. The 
transportation costs per piece on deferent routes in dollar are given in table below: 

1- Representation of the transportation model with nodes and arcs. 
2- Simulate the transportation problem using transportation tableau. 

               To 
From               

D E F 

A 5 4 3 
B 7 5 6 
C 5 6 9 

 

Sol: 
1- Representation of the transportation model with nodes and arcs. 

                              Sources                                Destinations 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
Unit of supply                                                                              Unit of demand 
                                   . 
                                   .  
                                   . 

A : 250 D : 200 

F : 400 

B = 350 

C = 300 

E : 300 

5 : 

4 : 

3 

7 

5 
6 

5 
6 

9 

C11 : X11 

Cmn : Xmn 

1 

2 

m n 

2 

1  b1 

 b2 

 am 

 a1 

 a2 

 bn 
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The problems of transportation model can be solved with more conveniently using the 
transportation tableau as shown in table below:   (Tableau 1) 
 

     
Destination 
Source               

1 2 ………. n Supply Ui 

1 X11 C11 X12 C12 
………. X1n C1n 

a1 U1 

2 X21 C21 X22 C22 
………. X2n C2n 

a2 U2 

. 

. 
  ……….  

. 

. 
 

 

m Xm1 Cm1 Xm2 Cm2 
………. Xmn Cmn 

am Um 

(dummy) 
 

0 
 

0 
………. 

 

0 
  

Demand b1 b2  bn  

Vj V1 V2  Vn 
 

Where :        -   Cij = unit transportation cost 
- Xij = the amount of unit that shipped 
- ai   = the amount of supply at source i 
- bj   = the amount of demand at destination j 
- m   = number of sources 
- n    = number of destinations 

  

     Destination 
Source               

D E F Supply 

A 
 

5 
 

4 
 

3 250 

B 
 

7 
 

5 
 

6 350 

C 
 

5 
 

6 
 

9 300 

Demand 200 300 400  
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Determination of the starting solution 
A general transportation model with (m) sources and (n) destinations has (m+n) constraint 
equations, one for each source and each destination. However, because the transportation 
model is always balanced (sum of the supply = sum of the demand), one of these equations 
is redundant. Thus, the model has m+n-1 independent constraint equations, which means 
that the starting basic solution consists of (m+n-1) basic variables. Thus in the above 
example the starting solution must have (3+3-1=5) basic variables. 
The transportation algorithm is the simplex method specialized to the format of Tableau 
1; as usual, it involves 
(i) Finding an initial, basic feasible solution; 
(ii) Testing the solution for optimality; 
(iii) Improving the solution when it is not optimal; and 
(iv) Repeating steps (ii) and (iii) until the optimal solution is obtained. 
The special structure of the transportation problem allows starting basic solution using one 
of these methods: 

1- Initial solution using Northwest corner method with: A) Modified distribution 
method.   B) Stepping stone method. 

2- Vogel’s approximation method 
3- The Hungarian method. 

 

Northwest Corner with Modified Distribution method 
Beginning with the (1,1) cell in Tableau 1 (the northwest corner), allocate to X11 as many 
units as possible without violating the constraints. This will be the smaller of a1 and b1. 
Thereafter, continue by moving one cell to the right, if some supply remains, or, if not, one 
cell down. At each step, allocate as much as possible to the cell (variable) under 
consideration without violating the constraints: the sum of the ith-row allocations cannot 
exceed ai, the sum of the jth-column allocations cannot exceed bj , and no allocation can 
be negative. The allocation may be zero.  
Variables that are assigned values by this starting procedure become the basic variables in 
the initial solution. The unassigned variables are nonbasic and, therefore, zero. We adopt 
the convention of not entering the nonbasic variables in Tableau 1- they are understood to 
be zero-and of indicating basic-variable allocations in boldface type. 
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TEST FOR OPTIMALITY 
Assign one (anyone) of the Ui or Vj in Tableau 1 the value zero and calculate the remaining 
Ui and Vj so that for each basic variable Ui + Vj = Cij Then, for each nonbasic variable, 
calculate the quantity Cij - ui – Vj . If all these latter quantities are nonnegative, the current 
solution is optimal; otherwise, the current solution is not optimal. 
 

IMPROVING THE SOLUTION 
Definition: A loop is a sequence of cells in Tableau 1 such that:  

(i) each pair of consecutive cells lie in either the same row or the same column;  
(ii) no three consecutive cells lie in the same row or column;  
(iii) the first and last cells of the sequence lie in the same row or column; 

      (iv)    no cell appears more than once in the sequence. 
Example 8.1 The sequences {(1, 2), (1, 4), (2, 4), (2, 6), (4, 6), (4, 2)} and {(1, 3), (1, 6), 
(3, 6), (3, 1), (2, 1), (4, 2), (2, 4), (2, 3)} illustrated in Figs. 8-1 and 8-2, respectively, are 
loops. Note that a row or column can have more than two cells in the loop (as the second 
row of Fig. 8-2), but no more than two can be consecutive. 
 

 
 

Consider the nonbasic variable corresponding to the most negative of the quantities            
Cij - Ui – Vj calculated in the test for optimality; it is made the incoming variable. 
Construct a loop consisting exclusively of this incoming variable (cell) and current basic 
variables (cells). Then allocate to the incoming cell as many units as possible such that, 
after appropriate adjustments have been made to the other cells in the loop, the supply and 
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demand constraints are not violated, all allocations remain nonnegative, and one of the old 
basic variables has been reduced to zero (whereupon it ceases to be basic).  
 

DEGENERACY 
In view of condition (8.1), only n + m - 1 of the constraint equations in system (8.2) are 
independent. Then, by Problems 2.19 and 2.20 a non-degenerate basic feasible solution 
will be characterized by positive values for exactly n + m - 1 basic variables. If the process 
of improving the current basic solution results in two or more current basic variables being 
reduced to zero simultaneously, only one is allowed to become nonbasic (solver's choice, 
although the variable with the largest unit shipping cost is preferred). 
The other variable(s) remains (remain) basic, but with a zero allocation, thereby rendering 
the new basic solution degenerate.  
The northwest corner rule always generates an initial basic solution; but it may fail to 
provide n + m - 1 positive values, thus yielding a degenerate solution.  
If Vogel's method is used, and does not yield that same number of positive values, 
additional variables with zero allocations must be designated as basic (see Problem 8.6). 
The choice is arbitrary, to a point: basic variables cannot form loops, and preference is 
usually given to variables with the lowest associated shipping costs. 
Improving a degenerate solution may result in replacing one basic variable having a zero 
value by another such. (This occurs at the first improvement in Problem 8.4.) Although the 
two degenerate solutions are effectively the same-only the designation of the basic 
variables has changed, not their values-the additional iteration is necessary for the 
transportation algorithm to proceed. 
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Example 2:  
Solve the previous example using Northwest modified distribution method.  
Sol: 

     
Destination 
Source               

D E F Supply Ui 

A 200 5 50 4 
 

3 250  

B 
 

7 250 5 100 6 350  

C 
 

5 
 

6 300 9 300  

Demand 200 300 400   

Vj      
 
m+n-1 = 3+3-1 = 5 basic variable 
To determine whether the initial allocation found in Tableau above is optimal, we first 
calculate the terms Ui and Vj with respect to the basic-variable cells of the tableau. 
Arbitrarily choosing U 1 = 0 (choose any row or column contains more basic variables than 
any other row or column, this choice will simplify the computations, if it is same choose 
any one), we find: 
 (1, 1) cell: U1 + V1 = C11 , 0+ V1 = 5, or V1 = 5 
(1, 2) cell: U1 + V2 = C12, 0+ V2 = 4, or V2 = 4  
(2,2) cell: U2 + V2 = C22, U2+ 4 = 5, or U2 = 1 
(2 , 3) cell: U2 + V3 = C23, 1 + V3 = 6, or V3 = 5 
 (3, 3) cell: U3 + V3 = C33, U3 + 5 = 9, or U3 = 4 
These values are shown in Tableau below. Next, we calculate the quantities Cij - Ui - Vj 
for each non-basic variable cell of Tableau above. 
(1, 3) cell: C13-U1 –V3 = 3- 0-5 = -2 
(2, 1) cell: C21-U2 –V1 = 7 - 1- 5 = 1 
(3,1) cell: C31-U3 –V1 = 5-4-5 = -4 
(3 ,2) cell: C32-U3 –V2 =  6- 4 -4 = -2 
These results also are recorded in Tableau below, in parentheses. 
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        Destination 
Source               

D E F Supply Ui 

A 200 5 50 4 (-2) 3 250 0 

B (1) 7 250 5 100 6 350 1 

C (-4)  + 5 (-2) 6 300 9 300 4 

Demand 200 300 400   

Vj 5 4 5   
 
Since at least one of these (cij - Uj – vj)-values is negative, the current solution is not 
optimal, and a better solution can be obtained by increasing the allocation to the variable 
(cell) having the largest negative entry, here the (3, 1) cell of Tableau above. We do so by 
placing a boldface plus sign (signaling an increase) in the (3, 1) cell and identifying a loop 
containing, besides this cell, only basic-variable cells. Such a loop is shown by the heavy 
lines in Tableau above. We now increase the allocation to the (3,1) cell as much as possible, 
simultaneously adjusting the other cell allocations in the loop so as not to violate the 
supply, demand, or nonnegativity constraints. The new basic solution, also degenerate, is 
given in Tableau below. 
 

     estination 
Source               

D E F Supply Ui 

A (4) 5 250 4 (-2) 
+ 

3 250 1 

B (5) 7 50 5 300 6 350 0 

C 200 5 (-2) 6 100 9 300 3 

Demand 200 300 400   

Vj 2 5 6   
 

For each basic variable 
Let U2 = 0 
(2, 2) cell: U2 + V2 = C22 , 0+ V2 = 5, or V2 = 5 
(2, 3) cell: U2 + V3 = C23, 0+ V3 = 6, or V3 = 6  
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(1,2) cell: U1 + V2 = C12, U1+ 5 = 4, or U1 = -1 
(3, 3) cell: U3 + V3 = C33, U3 + 6 = 9, or U3 = 3 
 (3, 1) cell: U3 + V1 = C31,  3 + V1 = 5, or V1 = 2 
Next, we calculate the quantities Cij - Ui - Vj for each non-basic variable cell of Tableau 
above. 
(1, 1) cell: C11-U1 –V1 = 5- (-1)-2 = 4 
(1, 3) cell: C13-U1 –V3 = 3- (-1)-6 = -2 
(2,1) cell: C21-U2 –V1 = 7-0-2 = 5 
(3 ,2) cell: C32-U3 –V2 =  6- 3 -5 = -2 
 

    Destination 
Source               

D E F Supply Ui 

A (6) 5 (2) 4 250 3 250 3 

B (5) 7 300 5 50 6 350 6 

C 200 5 (-2) + 6 100 9 300 9 

Demand 200 300 400   

Vi -4 -1 0   
For each basic variable 
Let V3 = 0 
(1,3) cell: U1 + V3 = C13 , U1+ 0 = 3, or U1 = 3 
(2, 3) cell: U2 + V3 = C23, U2+ 0 = 6, or U2 = 6  
 (3, 3) cell: U3 + V3 = C33, U3 + 0 = 9, or U3 = 9 
(2,2) cell: U2 + V2 = C22, 6+ V2 = 5, or V2 = -1 
 (3, 1) cell: U3 + V1 = C31,  9 + V1 = 5, or V1 = -4 
Next, we calculate the quantities Cij - Ui - Vj for each non-basic variable cell of Tableau 
above. 
(1, 1) cell: C11-U1 –V1 = 5-3- (-4) = 6 
(1, 2) cell: C12-U1 –V2 = 4-3- (-1)  = 2 
(2,1) cell: C21-U2 –V1 = 7-6- (-4) = 5 
 (3 ,2) cell: C32-U3 –V2 =  6-9- (-1) =-2 
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    Destination 
Source               

D E F Supply Ui 

A (4) 5 (2) 4 250 3 250 -3 

B (3) 7 200 5 150 6 350 0 

C 200 5 100 6 (2) 9 300 1 

Demand 200 300 400   

Vi 4 5 6   
For each basic variable 
Let U2 = 0 
(2,2) cell: U2 + V2 = C22, 0+ V2 = 5, or V2 = 5 
(2, 3) cell: U2 + V3 = C23, 0+ V3 = 6, or V3 = 6 
(1,3) cell: U1 + V3 = C13 , U1+ 6 = 3, or U1 = -3 
 (3, 2) cell: U3 + V2 = C33, U3 + 5 = 6, or U3 = 1 
(3, 1) cell: U3 + V1 = C31,  1 + V1 = 5, or V1 = 4 
Next, we calculate the quantities Cij - Ui - Vj for each non-basic variable cell of Tableau 
above. 
(1, 1) cell: C11-U1 –V1 = 5-(-3)- 4 = 4 
(1, 2) cell: C12-U1 –V2 = 4-(-3)- 5 = 2 
(2,1) cell: C21-U2 –V1 = 7-0- 4 = 3 
 (3 ,3) cell: C33-U3 –V3 =  9-1-6 = 2 
 

It is seen that each Cij - Ui – Vj is nonnegative; hence the new solution is optimal. That 
is, X13 = 250, X22 = 200, X23 = 150, X31 = 200, X32 = 100, with all other variables 
non-basic and, therefore, zero. Furthermore, 
 

z* = 250(3) + 200(5) + 150(6) + 200(5) + 100(6) = 4250 $ 
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8.1 A car rental company is faced with an allocation problem resulting from rental 
agreements that allow cars to be returned to locations other than those at which they were 
originally rented. At the present time, there are two locations (sources) with 15 and 13 
surplus cars, respectively, and four locations (destinations) requiring 9, 6, 7, and 9 cars, 
respectively. Unit transportation costs (in dollars) between the locations are as follows: 

 
Set up the initial transportation tableau (Tableau 8-1) for the minimum-cost schedule. 
Sol: 
Since the total demand (9 + 6 + 7 + 9 = 31) exceeds the total supply (15 + 13 = 28), a dummy source 
is created having a supply equal to the 3-unit shortage. In reality, shipments from this fictitious source are 
never made, so the associated shipping costs are taken as zero. Positive allocations from this source to a 
destination represent cars that cannot be delivered due to a shortage of supply; they are shortages a 
destination will experience under an optimal shipping schedule . 
. For this problem, Tableau 8-1 becomes Tableau 1A. The xij' U;, and Vj are not 'entered, since they are 
unknown at the moment. 
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Vogel's method.  
For each row and each column having some supply or some demand remaining,  

1- calculate its difference, which is the nonnegative difference between the two smallest 
shipping costs cij associated with unassigned variables in that row or column.  

2- Consider the row or column having the largest difference; in case of a tie, arbitrarily 
choose one. In this row or column, locate that unassigned variable (cell) having the 
smallest unit shipping cost and allocate to it as many units as possible without 
violating the constraints.  

3- Recalculate the new differences and repeat the above procedure until all demands 
are satisfied. See Problems 8.5 and 8.6. 

Variables that are assigned values by either one of these starting procedures become the 
basic variables in the initial solution. The unassigned variables are nonbasic and, therefore, 
zero.  
We adopt the convention of not entering the nonbasic variables in Tableau 8-1- they are 
understood to be zero-and of indicating basic-variable allocations in boldface type. 
The northwest corner rule is the simpler of the two rules to apply. However, Vogel's 
method, which takes into account the unit shipping costs, usually results in a closer-to-
optimal starting solution (see Problem 8.5). 
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8.5 Use Vogel's method to determine an initial basic solution to the transportation problem 
described in Problem 8.1.  
Sol:. 
The two smallest costs in row 1 of Tableau lA are 17 and 21; their difference is 4. The two 
smallest costs in row 2 are 14 and 18; their difference is also 4. The two smallest costs in 
row 3are both 0; so their difference is 0. Repeating this analysis on the columns, we 
generate the differences shown beside Tableau SA. Since the largest of these differences, 
indicated by a t, occurs in column 4, we locate the variable (cell) in this column having the 
lowest unit shipping cost and allocate to it as many units as possible. Thus X 34 = 3, 
exhausting the supply of source 3 and eliminating row 3 from further consideration.  
We now compute the differences for each row and column anew, without reference to the 
elements in row 3. The results are shown beside Tableau 5B, where the entry X for the 
second difference in row 3 means simply that this row has been eliminated. The largest 
difference appears in column 1, and the ·variable in  this column having the smallest cost 
is X 21 (since row 3 is no longer under consideration). We assign X 21 = 9, thereby 
satisfying the demand of destination 1. Accordingly, column 1 will not be involved in the 
ensuing calculations. 
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With row 3 and column 1 eliminated, the new differences are shown beside Tableau SC, 
'where, again, an X indicates that a computation was not required. The largest difference 
occurs in row 1, and the variable in this row having the lowest unit cost is X 12' Note that 
even if C;I had been less than 17, Xll would not have been selected here, since it falls in a 
column that has been eliminated. We set X 12 = 6, thereby meeting the demand of 
destination 2 and removing column 2 from further calculations. 
With row 3 and columns 1 and 2 no longer considered, the new differences are shown 
beside Tableau 5D. The largest difference occurs in row 2, and the smallest cost in that row 
and in columns still under  consideration is 19. Consequen't1y, we assign X23 = 4, which 
with the earlier assignment X21 = 9 exhausts the supply of source 2 and removes row 2 
from further consideration. 
With rows 2 and 3 eliminated, we no longer can calculate differences for the remaining 
columns. This is a signal that the remaining allocations are uniquely determined. Here we 
must set Xl3 = 3 and X 14 = 6 if we are, to meet all demands without exceeding supplies. 
The result is the allocation shown in Tableau IH, which was determined in Problem 8.4 to 
be optimal. 
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Water Resources Economy  Quiz 2-1-2016 
 
Two reservoirs are available to supply the water needs of three cities. Each reservoir can 
supply up to 50 million gallons of water per day. Each city would like to receive 40 million 
gallons per day.  
For each million gallons per day of unmet demand, there is a penalty. At city 1, the penalty 
is $20; at city 2, the penalty is $22; and at city 3, the penalty is $23. The cost of transporting 
1 million gallons of water from each reservoir to each city is shown in Table below.  
Formulate a balanced transportation problem that can be used to minimize the sum of 
shortage and transport costs. (use north west corner method) 
 

Shipping Costs for Reservoir 

                To 
From 

City 1 City 2 City 3 

Reservoir 1 $7 $8 $10 

Reservoir 2 $9 $7 $8 

 

 
Sol: 
Solution In this problem, Daily supply _ 50 _ 50 _ 100 million gallons per day Daily 
demand _ 40 _ 40 _ 40 _ 120 million gallons per day To balance the problem, we add a 
dummy (or shortage) supply point having a supply of 120 _ 100 _ 20 million gallons per 
day. The cost of shipping 1 million gallons from the dummy supply point to a city is just 
the shortage cost per million gallons for that city. Table 5 shows the balanced transportation 
problem and its optimal solution. Reservoir 1 should send 20 million gallons per day to 
city 1 and 30 million gallons per day to city 2, whereas 
Reservoir 2 should send 10 million gallons per day to city 2 and 40 million gallons per day 
to city 3. Twenty million gallons per day of city 1’s demand will be unsatisfied.  
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Quiz 15-8-2016 

Three reservoirs are available to supply the water needs of four cities. Each reservoir can 
supply up to 70 million gallons of water per day. Each city would like to receive 60 million 
gallons per day. For each million gallons per day of unmet demand, there is a penalty. At 
city 1, the penalty is $20; at city 2, the penalty is $22; at city 3, the penalty is $23; and at 
city 4, the penalty is $24. The cost of transporting 1 million gallons of water from each 
reservoir to each city is shown in Table below.  
Formulate a balanced transportation problem that can be used to minimize the sum of 
shortage and transport costs. (use north west corner method) 
 

Shipping Costs for Reservoir 
                To 
From 

City 1 City 2 City 3 City 4 

Reservoir 1 $7 $8 $10 11$ 
Reservoir 2 $9 $7 $8 10$ 
Reservoir 3 10$ 9$ 12$ 7$ 

 
Sol: 
 

Shipping Costs for Reservoir 
                To 
From 

City 1 City 2 City 3 City 4 Supply 

Reservoir 1 $7 $8 $10 11$ 70 

Reservoir 2 $9 $7 $8 10$ 70 

Reservoir 3 10$ 9$ 12$ 7$ 70 

Dummy 20$ 22$ 23$ 24$ 30 

Dimand 60 60 60 60  
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Flow Chart Solution For the transportation Problem 

 

 
Example: During the Gulf War, Operation Desert Storm required large amounts of military 
materiel and supplies to be shipped daily from supply depots in the United States to bases 
in the Middle East. The critical factor in the movement of these supplies was speed. The 
following table shows the number of planeloads of supplies available each day from each 
of six supply depots and the number of daily loads demanded at each of five bases. (Each 
planeload is approximately equal in tonnage.) Also included are the transport hours per 
plane, including loading and fueling, actual flight time, and unloading and refueling. 
Determine the optimal daily flight schedule that will minimize total transport time. 
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Example: The Hardrock Concrete Company has plants in three locations and is currently 
working on three major construction projects, each located at a different site. The shipping 
cost per truckload of concrete, daily plant capacities, and daily project requirements are 
provided in the accompanying table. Formulate an initial feasible solution to Hardrock’s 

transportation problem using Vogel Approximation Method. 
 

To 
From 

Project 
A 

Project 
B 

Project 
C 

Plant 
Capacities 

Plant 1 $10 $  4 $11 70 

Plant 2 12 5 8 50 

Plant 3 9 7 6 30 

Project 
Requirements 

 
40 

 
50 

 
60 

 

 
 
 
 
 

 


