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Course Objectives

e |ntroduction to

- Water resource systems

o Planning, design, and operation
- Application of

o Economic principles (Cost — Benefit and Microeconomic analysis)

0 Operations research (linear and nonlinear optimization, and simulation
modeling)

to various surface and ground water resource allocation problems

Cour se Outcomes
e Students should

- Beableto develop and solve various types of water resources planning
and management (WRPM) models

- Understand the advantages and limitations of modeling methods and
algorithms used in WRPM

- Understand and appreciate how models can be used in WRPM

- Understand and critically evaluate literature in WRPM

Course Topics

e Planning and management issues:
- Institutional objectives and constraints
- ldentification and evaluation of aternatives
- Advantages and limitations of modeling
e Economic Analysis:
- Useof cost-benefit and microeconomic analysis
e Modeling:
- Application of models, solution methods
e Integrated River Basin Planning
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Ch. 1- Water Availability

Global Water Resour ces

__AWorldofSat
Total Global Saltwater and Freshwater Estimates

Only this portion
IS renewable

brackish water: 1 to 10g/L (treatable)

saline (salt) water: 10 to 100g/L (34g/L)
Fresh water: <1g/L (drinkable)
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Global Water Availability
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Global Water Use

Withdrawal and Consumption by Sector
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Domestic Water Use

+ Survival = 5 L/day

* Drinking, cooking, bathing, and sanitation = 50 L
— United States = 250 to 300 L (Includes yard watering)
~ Netherlands = 104 L
- Somalia=9L

- 100-600 L/c/d* (high-iIncome)
-~ 50-100 L/c/d (low-income)
- 10-40 L/c/d (water scarce)

" L/c/d = liters per person per day
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Water Stress Index

e Based on human consumption
linked to population growth
e Domestic requirement:
100 L/c/d = 40 m3/clyr
e Associated agricultural, industrial & energy need:
20 x 40 m3/c/yr = 800 m3/clyr
e Tota need:
840 m3/clyr
about 1000 m3/c/yr

Water Stress Index
o Water availability below 1,000 m3/c/yr

chronic water related problems impeding development and harming human
health

Water sufficiency: >1700 m3/clyr

Weater stress. <1700 m3/clyr

Water scarcity: <1000 m3/c/yr
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Water Stress

The World's Freshwater Supplies
Annual Renewable Supplies per Capita per River Basin

Projection for 2025 i

500 1000 1700 4000 10000 m? percapita

Water Planning

« State Water Plan providesfor development, management, and conservation of water
resources and preparation for and response to drought conditions, in order that
sufficient water will be available at a reasonable cost to ensure public health, safety,
and welfare; further economic devel opment; and protect the agricultural and natural
resources of the entire state

+ Steps:

— Describe the regional water planning area.
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— Quantify current and projected population and water demand

— Evaluate and quantify current water supplies

— ldentify surpluses and needs

— Evaluate water management strategies and prepare plans to meet the needs
— Recommend regulatory, administrative, and legislative changes; and

— Adopt the plan, including the required level of public participation.

Capital Cost ($ billion)

70.0
®Drinking Waster Treatment

®Food Control
¥ \Wastewater Treatment
®\Water Management

Total = $173 Billion

Sustainable M anagement of Water Resour ces

Water resource systems that are designed and managed to fully contribute to the needs of
society, now and in the indefinite future, while protecting their cultural, ecological and
hydrological integrity.

» ASCE sustainable water management workshop, 1997
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Operations Resear ch

The first formal activities of Operations Research (OR) were initiated in England during
World War Il, when a team of British scientists set out to make scientifically based
decisions regarding the best utilization of war materiel. After the war, the ideas advanced
in military operations were adapted to improve efficiency and productivity in the civilian
sector.

What |s Operations Research?

Imagine that you have a 5-week business commitment between Baghdad (BAG) and Arbil
(ARB). You fly out of Baghdad on Mondays and return on Wednesdays of the same week.
A regular round-trip ticket costs $400, but a 20% discount is granted if the dates of the
ticket span aweekend. A one-way ticket in either direction costs 75% of the regular price.
How should you buy the tickets for the 5-week period?

We can look at the situation as a decision-making problem whose solution requires
answering three questions:

1. What are the decision alternatives?
2. Under what restrictions is the decision made?
3. What is an appropriate objective criterion for evaluating the alternatives?

Three alternatives are considered:

1. Buy fiveregular BAG - ARB - BAG for departure on Monday and return on Wednesday
of the same week.

2. Buy one BAG - ARB, four ARB - BAG- ARB, that span weekends, and one ARB -
BAG.

3. Buy one BAG - ARB - BAG to cover Monday of the first week and Wednesday of the
last week and four ARB - BAG- ARB, to cover the remaining legs. All tickets in this
alternative span at least one weekend.

The restriction on these optionsiis that you should be able to leave BAG on Monday and
return on Wednesday of the same week.

An obvious objective criterion for evaluating the proposed alternative is the price of the
tickets. The alternative that yields the smallest cost isthe best. Specifically, we have

Alternative 1 cost = 5 x 400 = $2000

Alternative 2 cost = 0.75 x 400 + 4 x (0.8 x 400) + 0.75 x 400 = $1880
Alternative 3 cost = 5 x (0.8 x 400) = $1600

Thus, you should choose alter native 3.
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Though the preceding example illustrates the three main components of an Operations
Resear ch modd 1- aternatives, 2- objective criterion, and 3- constraints, situations differ
in the details of how each component is developed and constructed.

To illustrate this point, consider forming a maximum-area rectangle out of a piece of wire
of length L inches. What should be the width and height of the rectangle?

In contrast with the tickets example, the number of alternatives in the present example
Is not finite; namely, the width and height of the rectangle can assume an infinite number
of values. To formalize this observation, the alternatives of the problem are identified by
deflir(;it ng the width and height as continuous (algebraic) variables.

w = width of the rectangle ininches

h = height of the rectangle in inches
Based on these definitions, the constraints of the situation can be expressed verbally as
1. Width of rectangle + Height of rectangle = Half the length of the wire
2. Width and height cannot be negative
These restrictions are trandlated algebraically as
1.2lw+h)y=L
2.w>0,h>0

The only remaining component now is the objective of the problem; namely,
maximization of the area of the rectangle. Let Z be the area of the rectangle, then the
complete model becomes:

Maximize Z = w*h
subject to
2(w+h)=L w,h>0

The optimal solution of thismodel isw=h= i which callsfor constructing a square shape.

Based on the preceding two examples, the general OR model can be organized in the
following general format:

Maximize or minimize Objective Function subject to Constraints

A solution of themodeisfeasibleif it satisfiesall the constraints. It isoptimal if, in addition
to being feasible, it yields the best (maximum or minimum) val ue of the objective function.
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Ch.2 - Modeling with Linear Programming

Chapter Guide: This chapter concentrates on model formulation and computations in
linear programming (LP). It starts with the modeling and graphical solution of a two-
variable problem which, though highly simplified, provides a concrete understanding of
the basic concepts of L P and laysthe foundation for the devel opment of the genera simplex
algorithm in Chapter 3. To illustrate the use of LP in the rea world, applications are
formulated and solved in the areas of urban planning, currency arbitrage, investment,
production planning and inventory control, gasoline blending, manpower planning, and
scheduling.

M athematical Formulation of L P model
Step 1. Study the given situation, find the key decision to be made. Hence, identify the
decision variables of the problem.

Step 2. Formulate the objective function to be optimized.
Step 3. Formulate the constraints of the problem.
Step 4. Add non-negativity restrictions.

The objective function, the set of constraints, and, the non-negativity restrictions together
form an LP model.

TWO-VARIABLE LP MODEL
This section deals with the graphical solution of a two-variable LP. Though two-
variable problems hardly exist in practice, the treatment provides concrete foundations
for the development of the general ssmplex algorithm.

Example 1:- A farm has 1800 acre-feet of water available annually. Two crops are
considered for which annual irrigation water requirements are 3 acre-feet/acre and 2
acre-feet/acre, respectively. For various reasons, no more than 400 acres can be planted
in crop 1, and no more than 600 acres can be allocated to crop 2. Estimated profits are
300 $ per acre planted in crop 1, and 500 $ per acre planted in crop 2. Determine how
many acres to plant in each crop to maximize profits. (Formulate and Graphically solve
alinear programming model ).
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al:
The LP model, asin any OR model, has three basic components.

1. Decision variables that we seek to determine.

2. Objective (goal) that we need to optimize (maximize or minimize).
3. Congtraints that the solution must satisfy.

The proper definition of the decision variablesis an essentia first step in the development
of the model. Once done, the task of constructing the objective function and the constraints
becomes more straightforward.
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Example 2.

A Company produces both interior and exterior paints from two raw materials, M1 and
M?2. The following table provides the basic data of the problem:

Tons of raw material Maximum
f o
perton 0 availability (tons)
Exterior I nterior per day
paint paint
Raw material, M1 6 4 24
Raw material, M2 1 2 6
Profit per ton ($1000) 5 4

A market survey indicates that the daily demand for interior paint cannot exceed that
for exterior paint by more than 1 ton. Also, the maximum daily demand for interior
paint is 2 tons. The Company wants to determine the optimum (best) product mix of
interior and exterior paints that maximizes the total daily profit. (Formulate and
Graphically solve alinear programming model ).

Solution:

The LP model, asin any OR model, has three basic components.

1- Decision variables that we seek to determine.
2- Objective (goal) that we need to optimize (maximize or minimize).

3- Constraints that the solution must satisfy.
The variables of the model are defined as

xI = Tons produced daily of exterior paint
X2 = Tons produced daily of interior paint

Total profit from exterior paint =5X;  (thousand) dollars
Total profit frominterior paint =4X,  (thousand) dollars
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The objective of the company is
Maximize Z = 5x1 + 4x2

Next, we construct the constraints that restrict raw material usage and product demand.
The raw material restrictions are expressed verbally as

(Usage of araw materia by both paints) < (Maximum raw material availability)

6X1 + 4X2 <24 (Raw materia M1)
Xl +2X2<6 (Raw materia M2)

The first demand restriction stipulates that the excess of the daily production of interior
over exterior paint, x2 - x1, should not exceed 1 ton, which translates to

x2-x1<1 (Market limit)

The second demand restriction stipulates that the maximum daily demand of interior paint
islimited to 2 tons, which trandatesto

X2<2 (Demand limit)

An implicit (or "understood-to-be") restriction is that variables x1 and x2 cannot assume
negative values. The nonnegative restrictions, x1> 0, x2 > 0, account for this
requirement.

The complete Company mode! is:

Maximize Z =5X1+4X2

subject to
6x1 + 4X2< 24 1)
X1+2x2<6 (2
-x1+x2<1 3
X2<2 (4)
X1, X2>0 (5)

Any values of x1 and x2 that satisfy all five constraints constitute a feasible solution.
Otherwise, the solution isinfeasible.
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Step 1. Determination of the Feasible Solution Space:

First, we account for the non-negativity constraints x1> 0 and x2>0. In Figure 2.1, the
horizontal axis x1 and the vertical axis x2 represent the exterior- and interior-paint
variables, respectively. Thus, the non-negativity of the variables restricts the solution-
space area to the first quadrant that lies above the xl-axis and to the right of the x2-axis.

To account for the remaining four constraints, first replace each inequality with an equation
and then graph the resulting straight line by locating two distinct points on it. For example,
after replacing 6x1 + 4x2 < 24 with the straight line 6Xx1 + 4x2 = 24, we can
determine two distinct points by first setting xI = 0 to obtain x2 = 6 and then settingx2 =0
to obtain x1 =4. Thus, the line passes through the two points (0, 6) and (4, 0), as shown by
line (1) in Figure 2.1.

. ConsLraingy
s b = depz pb (10
ap t 2y 6 (E)
; o= | I:E
= 2 4
4 £ =0 @
1,= 0 @

B

FIGURE 2.1 Feasible space of the Reddy Mikks model
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Step 2. Determination of the Optimum Solution:

Thefeasible spacein Figure 2.1 is delineated by the line segments joining the points A,
B, C, D, E, and F. Any point within or on the boundary of the space ABCDEF isfeasible.
Because the feasible space ABCDEF consists of an infinite number of points, we need
a systematic procedure to identify the optimum solution.

The determination of the optimum solution requires identifying the direction in which
the profit function z = 5x1 + 4x2 increases (recall that we are maximizing z). We can
do so by assigning arbitrary increasing values to z. For example, usingz=10and z =
15 would be equivalent to graphing the two lines 5.x1 + 4x2 = 10 and 5x1 + 4x2 = 15.
Thus, thedirection of increasein zis as shown Figure 2.2. The optimum solution occurs
at C, whichisthe point in the solution space beyond which any further increase will put
z outside the boundaries of ABCDEF.

The vaues of x1 and x2 associated with the optimum point C are determined by solving
the equations associated with lines (1) and (2)—that is,

6x1+4x2=24

x1+2x2=6

The solutionisxl =3 and x2=15withz=5* 3+4* 1.5=21. Thiscalsfor adaly
product mix of 3 tons of exterior paint and 1.5 tons of interior paint. The associated
daily profit is $21,000.

(Maximize = = Sx &x»)
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Example: Solve the following problem using Graphical method:
Minimize Z= 33X1+45X2
Subject to:
18X1+33X2 >77 4X1+6X2>44 2X1>4 3.5X2>7 X1,X2>0

Summuary of Optimal Solution:
Objectiva Valua = 336.00
x1 = 200
2= 300

o lo; o tre /;«Ot/ov\
M A &!__33 X, + 5%,

10
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Self -Test:
A farm need at least 800 m® of water daily. The water is provided by two nearby wells, and
have the following properties:

TDS (ppm) Nitrate (ppm) Cost $/ m?
Well 1 980 125 0.3
Wedll 2 300 20 0.9

The special requirements of the crop in the farm are at most 600 ppm for TDS, and at |east
50 ppm for Nitrate. The farm directorate wishes to determine the daily mixture of water
from the two wells to obtain daily minimum cost. (use graphical method)

Quiz 12-8-2015

Two types of crops A & B can be grown in particular irrigation area each year. Each unit

guantity of two types of crops can be sold for a price and requires units of water, units of

land, units of fertilizer, and units of labor as shown in table below.

(@) Structure alinear programming model for estimating the quantities of each of the two
crops that should be produced in order to maximize total income.

(b) Solve the problem graphically.

REQUIREMENTS PER
UNIT OF
Resource Crop A Crop B i g um Avalable
esources
Water 2 3 60
Land 5 2 80
Fertilizer 3 2 60
Labor 1 2 40
Unit
Price 30 25
(1000 $)

11
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Linear Program Model in Equation Form: (Basic Concepts)

A mathematical programisan optimization problem in which the objective and constraints
are given as mathematical functions and functional relationships. Mathematical programs
treated in linear programs have the form

optimize: z = f(x,X3,...,X,) (

subject to:  g;(Xy. X550 .0y X,) ( b, ?
gZ(’Yls -IZv Y x") g b2 \.|

(£.7)

.
.
.
.
.
.
.
.
S
Il
—
.
.

v

Gulhgs Xapsiirsioi %) B

Each of the m constraint relationshipsin.(1 .1) involves one of the threesigns: <, =, >

LINEAR PROGRAMS

A mathematical program (J.1) is linear if f(x,, x,, ..., x,) and each g{x,, x,. ..., xJ)il=L12...
are linear in each of their arguments—that is, if
s Xngaiays Xp) =€ X5 + CoXy 4 <0+ €, X, (1.2)
and
OilXqs X250 00y: X,) =@, Xy + @pXy + 0+ aX, (1.3)
where ¢;and a; (i=1,2,.. ., m; j=12,...,n) are known constants.

Any other mathematical program is nonlinear. Thus, Example 1.1 describes a nonlinear program, in

view of the form of -

Example 1.1 The problem

minimize: 2= x] + x3
subject to: x; —x; =13
Xy = 2

(Linear: no powers, exponentials or product terms)
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Example 3:- Universal Mines Inc. operates three mines in West Virginia. The ore from
each mineis separated into two grades before it is shipped; the daily production capacities
of the mines, aswell astheir daily operating costs, are as follows:

High-Grade Ore, Low-Grade Ore, Operating Cost,
tons/day tons/day 1000$/day
Mine | 4 4 20
Minell 6 4 22
Minelll 1 6 18

Universal has committed itself to deliver 54 tons of high-grade ore and 65 tons of low-
grade ore by the end of the week. It also has labor contracts that guarantee employees in
each mine afull day's pay for each day or fraction of aday the mineisopen. Determine the
number of days each mine should be operated during the upcoming week if Universa
Minesisto fulfill its commitment at minimum total cost.

Let xy, x,, and x;, respectively, denote the numbers of days that mines I, I1, and 111 will be operated
during the upcoming week. Then the objective (measured in units of $1000) is

minimize: 2 = 20x, + 22x, + 18x, (1)
The high-grade ore requirement is
4x, + 6x; + x, = 54 (2
and the low-grade ore requirement is
4x, + 4x; + 6x; = 65 5

As no mine may operate a negative number of days, three hidden constraints are x, > 0, x, = 0, and x, = 0.
Morcover, as no mine may operate more than 7 days in a week, three other hidden constraints are v, < 7.
X, £ 7.and x, < 7. Finally, in view of the labor contracts, Universal Mines has nothing to gain in operating

a mine for part of a day; consequently, x,, X3 and x, are required to be integral. Combining the hidden
conditions with (1), (2). and (3), we obtain the mathematical program

minimize =z = 20x, + 22x, + 18x,
subject to:  4x; + 6x; + x3 = 54

4x, + 4xy + 6xy = 65
(4)

A

Xy

>
A 1A
-~J -3 ~J

X3

with: all variables nonnegative and integral
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Standard Linear Program Form

To initialize the method for solving linear programs involving many variables, one must
transform all inequality constraintsinto equalities and must know onefeasible, nonnegative
solution.

Any LP can betransformed into Standard Form

Minimize Z=clx1+c2x2+..... + cnxn
subject to allxl+al2x2+... +aln xn=Dbl
R2lx1l+a22x2+........+a&@2nxn=bh2
amlxl+am2x2+.......+amnxn=bm
and x1>0,x2>0 ......... xn>0

bi, cj, alj : fixed real constants; xi; i =0, ..., n: real numbers, to be determined.
We assume that bi > 0 (each equation may be multiplied by -1 to achieve this).

For example:

The constraint 2XI| - 3x2 + 4X3 < -5 ismultiplied by -1 to obtain -2XI| + 3x2 - 4X3> 5,
which has a nonnegative right-hand side.

Any variable not already constrained to be nonnegativeis replaced by the difference of two
new variables which are so constrained.
Compact Notation

IMininises FA clx
subject o A x t»
and v =
EEN il 2 i4 A 1n 1‘."1 1 L]
A A- n-:.:. i Ty b 1_'-:? " '."-;:;. " {.:.7-
[ Ay gt B b, M (=i
ol 7 PRt =it
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SLACK VARIABLESAND SURPLUSVARIABLES

A linear constraint of the form X aij xj < bi can be converted into an equality by adding a
new, nonnegative variable to the left-hand side of the inequality.

Such a variable is numerically equal to the difference between the right- and left-hand
sides of the inequality and is known asaslack variable.

It represents the waste involved in that phase of the system modeled by the constraint.
In previous Example 2. The first constraint in Problem
6X1+4X2<24

Theleft-hand side of thisinequality modelsthe Usage of araw material M 1 in tons by both
paints, while the right-hand side is the Maximum raw material M1 availability. This
inequality is transformed into the equation:

6X1+4X2 +X3=24 ........... ... X3=>0
by adding the dack variable X3 to the left-hand side of theinequality. Here X3 represents
the number of assembly tons available to the manufacturer but not used.

OS) e () 5S5 pu¥) Gkl ) S) ) prie Ciial Y alae () g sl ) (e JEY) il Jysad (a 2Y)
Aalaall a5 ¥ (i hall C 9 AN ) ZlY) 8 Alertisall pe 9 48U 4aSl) Jlays Jhia (5 s 5l (e
oDe | 2l Miad Cangdl Ay ) 2l Aaguds (e yuiall 134 Y

(let x1=3, x2 = 1 then x3 = 2) or if (x1=2, x2 =3 then x3=0)

lexivsall ye asll () of 24=X3 da ()5S 0= X2 50=X1 Lexic ZUYI Ly U8 ) Jia (el i
(sl 8

A linear constraint of theform X aij xj > bi can be converted into an equality by subtracting
a new, nonnegative variable from the left-hand side of the inequality. Such a variable is
numerically equal to the difference between the left- and right-hand sides of the inequality
and is known as a surplus variable.

It represents excess input into that phase of the system modeled by the constraint.
Thefirst constraint in Example 3. is:
4X| + 6X2 + X3 >54
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Theleft-hand side of thisinequality represents the combined output of high-grade ore from
three mines, while the right-hand side is the minimum tonnage of such ore required to meet
contractual obligations. Thisinequality is transformed into the equation
AXI+6X2+X3-X4=54 ........... ... X4>0
by subtracting the surplus variable X 4 from the left-hand side of the inequality. Here X4
represents the amount of high-grade ore mined over and above that needed to fulfill the
contract.
) Aiad ()55 pua¥) i shall e il e i E¥alae I g shast 5) e SV liiall a3 g 53))
¥l eVl Gkl e BLA) ) el Gahall dalall e 3 ) Asdiall sl Jiay s jhia (ssbad ) e
Miad Cargl) Alla o) sl Aaids pe puaiadl 138 5 5 Aalaall
(let x1=5,x2 =5, X3=5then x4 = 1) or if (x1=5, x2 =5, X3=4 then x4 = 0)
b b callay 138 3 54- =X4 4 S5 0= X3 50= X2 50=X1 Ladic ALY dola Ji (5) sa 3 s
() e dgagpde Alla A& oY) dal) Jiay i ga paiie ddlal (e 1Y I ALl pae

GOl 9 (o aS) 3 gaBl) ()9S5 il ()9S Ladie g (5 gl g) (pa JB) 3 gl ) 9T andiet Clagd) Alla ¢ oS5 Ladie e o)
(Baalg @ Ao b = 9 > 5 < @l LAY JS pandi 28 AU (4685 o)) adlaY g

GENERATING AN INITIAL FEASIBLE SOLUTION

After dl linear constraints (with nonnegative right-hand sides) have been transformed into

equalities by introducing slack and sur plus variables where necessary, add anew variable,

called an artificial variable, to the left-hand side of each constraint equation that does not

contain aslack variable.

Each constraint equation will then contain either one slack variable or one artificial

variable.

A nonnegativeinitial solution to thisnew set of constraintsis obtained by setting each slack

variable and each artificial variable equal to the right-hand side of the equation in which it

appears and setting all other variables, including the surplus variables, equal to zero.

A8l 268l oY) Jad) dlagl i il g Aaild <l it 7ok gl BASI ) il piie ABLGL C¥ A ) Cililial) Jy 9ol ay
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sa¥) diphll B elia yata g X)) st JS O s J@‘QYJ&A&&M@M\J@&J\J\M\M&SQ
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Example 24 Opjective function: Maximize 7Z=3 X1 +7X2

The set of constraints
Xy +2x;, € 3

dx, +3x,2 6

Txy +8x; =15

is trunsformed into a system of equations by adding a slack vanable, x,, to the left-hand side of the first constraint

and subtracting a surplus varniable, x,, from the left-hand side of the second constraint. The new system is

Xy + 2:(_‘ + X3 = 3
4x, + 5x, —-Xs= 6 (2.
-l'.t] + 8.‘2 = 15

If now artificial variables x, and x, are respectively added to the left-hand sides of the last two constraints in system

(2.2), the constraints without a slack variable, the result is

.\:l + 2.‘; + .\‘J = 3
4."| + SJC) X4 f .‘5 - 6
7!] { sz t+ Xy = 15

A nonnegative solution to this last system 18 x5 = 3, xs = 6, xo = 15, and x; = x; = x; = 0. (Notice, however, that

¥y =0, x; =0 is not a solution 1o the original set of constraints.)

PENALTY COSTS

The introduction of slack and surplus variables aters neither the nature of the constraints
nor the objective.

Accordingly, such variables are incorporated into the objective function with zero
coefficients.

Artificia variables, however, do change the nature of the constraints. Since they are added
to only one side of an equality, the new systemisequivalent to the old system of constraints
if and only if the artificial variables are zero.

To guarantee such assignments in the optimal solution (in contrast to the initial solution),
artificial variables are incorporated into the objective function with very large positive
coefficients in a minimization program or very large negative coefficients in a
maximization program.

These coefficients, denoted by either M or - M, where M is understood to be a large
positive number, represent the (severe) penalty incurred in making a unit assignment to the
artificial variables.
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In hand calculations, penalty costs can beleft as+ M. In computer calculations, M must be
assigned a numerical value, usually a number three or four times larger in magnitude than
any other number in the program.

o, for the previous Example the objective function become:
Maximize: Z=3X1+7X2+0X3-MX5-MX6
FENALTY O08TS 4! ;-1 2l

d &b Cotata del A pild oda 0 Gy . Lgitaal ul,g.‘lia..bd.y, YA gl Sl Sl e 3 )
o B ety Ok ] s Sl ada O S ¢l Bl e i Bl Sl OB L olls poy ¢ A B
4 ghaa u'—.&f Sl O KS ol At R ey U 3 eadl c;,-ﬂ [FTT ..',gg 3yl i Ca,? P Wy ¢ %yt
EY2 J Un 358 T o S 5Mlat M LD ) gt .,»,..u‘),..»(uj’*nyv S )J..‘ss&u,‘gu.uw, Jheall
““r‘u‘ MM-M} MJJLU‘;#EUO# o .J‘wﬂh,,gu?b(d..ulﬁjj.w
Ry Bty Qeteall gl Uer] e sl (il y 10 J_,_.ﬁ; N
Gy daie i M g O oo ¢ Sl G UL Rl S W EM e 30N WK 2 5,
.éb,,lld,’-ta.u «-“J*”‘f@))‘:”wlﬁ‘?’“"
Example 5. Put the following program in standard matrix form:
maximize: z = XI| + X2
subject to: XI +5x2<5
2X|I +X2<4
with: XI| and X2 nonnegative
sol:
Adding slack variables X3 and X4 , respectively, to the left-hand sides of the constraints,
and including these new variables with zero cost coefficients in the objective, we have
maximize: z= Xl + X 2+ 0X3 + 0X4
subject to: XI +5x2 + X3 =5
2X| + X2 +X4=4
with: al variables nonnegative
Since each constraint equation containsaslack variable, no artificia variablesare required;
an initial feasible solution is X3 =5, X4 =4, x 1 = X2 = 0. System of above equationsis
in the standard L P form if we define:
X (oqsxa; X, %] T C=[1.100]"

ok = 1 o _ %
A=I:2 [l 0 1] B=[4:| x°=l:x4]
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Example5: Put the following program in standard form:
minimize: z = 80x1 + 60x 2
subject to: 0.20x1 + 0.32x2 > 0.25
X+ x2 =1
with: XI| and X2 nonnegative
sol:
To convert thefirst constraint into an equality, subtract a surplus variable X3 from the | eft-
hand side. The second constraint is already an equation, then:
minimize: z = 80x1 + 60x 2 +0x3
subject to: 0.20x1 + 0.32x2 - X3 = 0.25
XI+ x2 =1
with: X1, X2, and X3 nonnegative
Since both first and second constraints does not contain a slack variable, add an artificial
variable X4, and X5 to its left-hand side. Both new variables are included in the objective
function, the artificial variable with a very large positive cost coefficient, yielding the
program

minimize: Z = 80x1 + 60x2+ 0x3 + MX4 + MX5
subject to: 0.20x1+ 0.32x2 - X3 +X4 =0.25
x1 + X2 + X5 =1

with: al variables nonnegative

This program isin standard form, with an initial feasible solution :
X4=0.25 X5=1, X1=X2=X3=0.

eguationsisin the standard L P form if we define:

X=[X1 X2 X3 X4 X5]T C=[80600M M]T

S Iy I R
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Linear Programming: The Simplex and the Dual Simplex M ethods

THE SIMPLEX TABLEAU
The ssimplex method isamatrix procedurefor solving linear programsin the standard form:
optimize: , Z=C"X

subject to: AX =B

with : X >0

where B > 0 and a basic feasible solution Xo is known. Starting with Xo, the method
locates successively other basic feasible solutions having better values of the objective,
until the optimal solution is obtained. For minimization programs, the simplex method

utilizes Tableau 3-1, in which Co designates the cost vector associated with the variables
in Xo.

XT
CT
Xs G A B
CT-CclA | —-CB

Tableau 3-1 For minimization programs

For maximization programs, Tableau 3-1 appliesif the elements of the bottom row have
their signs reversed

xT
CT
X: G, A B
CIA- CT C'B

Tableau 3-1 For maximization programs

10
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Example 3.1: Put thefollowing standard matrix form of linear program in simplex tableau
where the objective function is minimize.

X m X X0 X0 Xigs X a5 X6 C=[1,2300M]"

a G & 7 0 0 5 A
A=|5 1 6 0 0 0 B=|7 Xo=| x»

8§ 09 0 —1 1 2 e

initial feasible solution x;, =5, X, =7, Xs =2, X, = X3 =x; =0
Sol:

For the minimization program of Problem C, =[0.2, M]". Then,

4 1 0 0
6 0 0 0
9 -1 1

CT—CIA=[1,230,00M]-[0,2 M]
0
=[1,2,3,0,00 M) =[10+8M,2,12 + 9M,0, =M, M] = [ -9 - 8M,0, =9 — 9M, 0, M, 0]

o0 i W
O -

5
~CIB==[0,2M] 7| = =14 =2M
2
and Tableau 3-1 becomes
Xy X, Xy X¢ X5 Xg
1 2 3 0 0 M
x¢g 0 3 0 4 | 0 0 5
X; 2 I 6 0 0 0 7
Xe M 8 1] 9 0 | | 2
-9 —-8M 0 —-9-90M O M 0 —14 — 2M

A TABLEAU SIMPLIFICATION

Foreachj (j =12, ..., n), define Zj == (g 4;, the dot product of C, with the th column
of A. Thej thentry inthelast row of Tableau 3-1iscj - Zj (or, for amaximization program,
Z] - ¢}), where ¢j isthe cost in the second row of the tableau, immediately above Aj ; Once
this last row has been obtained, the second row and second column of the tableau,
corresponding to C™ and C,, respectively, become superfluous and may be eliminated.

11
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THE SSIMPLEX METHOD

STEP 1. Locate the most negative number in the bottom row of the smplex tableau,
excluding the last column, and call the column in which this number appears the work
column (pivot column). If more than one candidate for most negative numbers exists,
choose one.

STEP 2: Form ratios by dividing each positive number in the work column, excluding the
last row, into the element in the same row and last column. Designate the element in the
work column that yields the smallest ratio as the pivot element and the row in which pivot
element is pivot row. If more than one element yields the same smallest ratio, choose one.
If no element in the work column is positive, the program has no solution.

STEP 3: Use elementary row operations to convert the pivot element to 1 and then to
reduce al other elementsin the work column to O.

Gauss-Jordan row operations.

1. Pivotrow

a. Replace the leaving variable in the Basic column with the entering variable.
b. New pivot row = Current pivot row + Pivot element

2, All other rows, including z
New row = (Current row) — (pivot column coefficient) X (New pivot row)

STEP 4. Repeat Steps 1 through 4 until there are no negative numbers in the last row,
excluding the last column.

STEP 5: The optimal solution is obtained by assigning to each variable in the first column
that value in the corresponding row and last column. All other variables are assigned the
value zero.

The associated z*, the optimal value of the objective function, isthe number in the last row
and last column for a maximization program, but the negative of this number for a
minimization program.

12
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THE SIMPLEX METHOD Sl A b
ﬁfﬁhﬂmﬁrﬁk*ﬁm_yif%ifdlmh:MM#J&JMJ”LL&JTM "y ";hj_'l,
_L-"J;-l:d;.#'ligl_shri_,;,rm.u_-:ﬁj.-r{.‘}...dla_ll..u.jl.__ﬂtm
a,..lld.mn‘,_._u‘;.;,sm_,my,_]ﬂ_.ﬂu@ummH;ﬁgw,,jjj:.._@uu; R
i BT L s st e 3Ty G A I s e bl s f el sy e
s e U BB s e 3 e g e Ty bl s i
'.-':I"'u'i.u..‘_?ill 5}*Jﬁfljllf#u-ﬁl|m-'ljt.h‘u Lll'ﬁ_:',!ﬁ_,r"":"'ll tha'lji’i: I-J.M.m.lllll--u'-'.-" i ‘l_qmil
3 g 050 s pedl Uiy ST ETT Jit i &l Gy sgadly o o i x i daigd ¢t B ylad)
(1 b 3 I ¥ ot
W gl kil ¢ W il B B sl Bl AT e st e bl 8t a b ek
ca!_nutlﬁj.;.-.c.&h_,,.h_,_,hua..a..h,_i:}pa.;g}m,.hdﬁ.ﬁmhpﬂ'hmﬂjﬁ £ B el
om0 U agmnly o Caall 820 002 o Uy B 2 azgll 1l e il 2 2
.Mtujmdﬁm#wulleEtJ
Example: Solve the following program using the simplex method
maximize: z =X, +9x; + x5
subject to:  x, +2x, +3x;< 9
3x; +2x; +2x3 5 15

with: all variables nonnegative

Sol:
Generating an initial feasible solution by converting inequality constraints to equation by
adding slack variables.
X1+2x2+x3+x4=9
3X1+2x2+2x3+x5=15
Max. z = x1+9x2+x3+0x4+0x5 all variables non negative

This program is put into matrix standard form by first introducing slack variables x, and x in
the first and second constraint inequalities, respectively, and then defining

X Dovis 20 o0 X s C=[1,91,0,0]"

123710 9 X4
[3 2 20 1] ¥ [15] x“’[xs]

A

13
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The costs associated with the components of X,, the slack variables, are zero; hence C, = [0, 0]".
Tableau 3-1 becomes

xz 0 1 0 9
% 013 2 2 0 1} 15

To compute the last row of this tableau, we use the tableau simplification and first calculate each z; by
inspection: it is the dot product of column 2 and the jth column of A. We then subtract the corresponding
cost ¢;from it (maximization program). In this case, the sccond column is zero,andsoz; — ¢; = 0 — ¢; = —¢;.
Hence, the bottom row of the tableau, excluding the last element, is just the negative of row 2. The last
element in the bottom row is simply the dot product of column 2 and the final, B-column, and so it too is
zero. At this point, the second row and second column of the tableau are superfluous. Eliminating them, we

obtain Tableau | as the complete initial tableau.

\l Yz X3 K,‘ ‘5
Xa 1 2* 3 1 0 9
Xs 3 2 Z 9r i 15
(z;—¢;) -1 =9 =10 O 0
Tableau 1

X, 12" 17 32 10 9/2
Xs NS N 6

772 0 252 9/2 0 81/2
Tableau 2

We are now ready to apply the simplex method. The most negative element in the last row of Tableau
1 is =9, corresponding to the x,-column; hence this column becomes the work column. Forming the ratios
9/2 =4.5and 15/2 = 7.5, we find that the element 2, marked by the asterisk in Tableau 1, is the pivot element,
since it yields the smallest ratio. Then, applying Steps 3 and 4 to Tableau 1, we obtain Tableau 2. Since the
last row of Tableau 2 contains no negative elements, it follows from Step 6 that the optimal solution is
x3 =9/2, x¥ =6, x} = x% = x§ =0, with z* = 81/2.

14
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The Simplex Method ( Big-M method )
This program'’ is put in standard form by introducing artificial variables and substituting
the appropriate coefficients into Tableau and then applying the simplex method directly.

Example 3.6: Solve the following program using the Big M method

maximize: z = -8XI + 3x2 - 6X3
subject to: X| - 3x2+5x3=4
5x1+3X2-4X3>6

with: al variables nonnegative
Sol:
This program' is put in standard form by introducing the surplus variable X4 in the
inequality constraint and then artificial variables X5 and X6 in the two equality constraints.
Substituting the appropriate coefficients into Tableau 3-1 and then applying the simplex
method directly, with all calculations rounded to four significant figures and with the pivot
elements designated by stars, we generate successively Tableaux 1through 4.

Xy X2 X3 A4 Xz X6
-8 3 —6 C -M -M
xs =M 1 -3 5 0 1 0 <
xs —M 5* -y G R < 6
(2= ¢)): —6M+8 -3 -M+6 M 0 0 —10M
Tableau 1
Xy X2 X3 X Xg X6
Xs 0 —-3.6 5.8*% 0.2 1 -0.2 2.8
X, i 0.6 ~08 ~02 0 0.2 1.2
0 36M-78 —-58M+124 —-02M+16 0 12M—-16 ~2.8M — 9.6

Tableau 2
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X, X3 X3 X4 Xy x5
%5 0 —06207 1 003448 01724  —003448 0.4828
X, 1 01034* 0 —01724 01379 0.1724 1.586
0 —01033 0 1LI172 M—2138 M—L172 | —1559
Tableau 3
Xy Xy X3 X4 Xs X6
%s 6003 0 1 —1000 1000  10.00 1000
%2 9671 1 0 —1667 1334 1667 15.34
0990 0 0 0998 M—2 M—0998 | —1401
Tableau 4

Since M designates a large positive number, all the entries in the last row of Tableau 4, excluding the
entry in the last column, are nonnegative. The optimal solution, therefore, can be read directly from it as
x3 = 1000, x¥ = 15.34, and all other variables zero, with 2* = —14.01.

The quantity M in the previous calculations could be left as a letter only because those calculations
were done by hand. Had a computer been used, a large numerical value would necessarily have been
substituted for M; say, M = 10000. Then, assuming again that all numbers arc rounded to four significant
figures, the bottom row of Tableau | becomes

- 60000 -3 -~ 10000 10000 0 0 — 100000

Note that the additive constants +8 in the first entry and +6 in the third entry are lost in roundoff. The
bottom row of Tablcau 2 becomes

0 36000 -~ 58000 - 2000 12000 ~28000
while the bottom row of Tablecau 3 is
0 0 0 0 10000 10000 0

which signals optimality! The erroncous optimal solution would be read from Tableau 3 as x3 = 0.4828,
x¥ = 1,586 and all other variables zero, with z* = 0.

This roundoff problem does not occur in the two-phase method since the terms that do not mvolve
M are separated from those that do, making it impossibie for the M-terms to “swamp” the others.
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M odificationsfor Programswith Artificial Variables (two-phase method )

Whenever artificial variables are part of theinitial solution Xo, the last row of Tableau
3.1 will contain the penalty cost M. To minimize roundoff error, the following
modifications are incorporated into the simplex method; the resulting algorithm is the two-
phase method.

Change 1: The last row of Tableau 3-1 is decomposed into two rows, the first of which
involves those terms not containing M, while the second involves the coefficients of M in
the remaining terms.
The last row of the tableau in Example 3.1 is

98M 0 -99M O M O -14-2M
Under Change 1 it would be transformed into the two rows

-9 0O -9 00 O -14

-8 0O -9 01 O -2

Change 2: Step 1 of the ssmplex method is applied to the last row created in Change 1
(followed by Steps 2, 3, and 4), until this row contains no negative elements. Then Step 1
is applied to those elements in the next-to-last row that are positioned over zerosin the last
row.

Change 3: Whenever an artificial variable ceasesto be basic-i.e., isremoved from thefirst
column of the tableau as aresult of Step 4-it is deleted from the top row of the tableau, as
is the entire column under it. (This modification simplifies hand calculations but is not
implemented in many computer programs.)

Change 4: Thelast row can be deleted from the tableau whenever it contains al zeros.
Change5: If nonzero artificial variables are present in the final basic set, then the program

has no solution. (In contrast, zero-valued artificial variables may appear as basic variables
in the final solution when one or more of the origina constraint equationsis redundant.)
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minimize: 7 = 80x, + 60x,
subject to:  0.20x, + 0.32x; < 0.25
X, + X, =1
with: x, and x, nonnegative
Adding a slack variable xy and an artificial variable x, to the first and second constraints, respectively,

we convert the program to standard matrix form, with

X = [x.%5, %3, %7 C = [80, 60,0, M]"

_[o20 032 1 o _[oa2s _[
o N Il B

Substituting these matrices, along with €, = [0, M]”, into Tablcau 3-1, we obtain Tableau 0. Since the
bottom row involves M, we apply Change 1; the resulting Tableau 1 is the initial tableau for the two-phuse
method.

Xy *5 X5 ¥
80 60 0 M
Xy V0 0.20 0.32 1 0 0.25
X M | 1 0 1 1
80—-M 60-M 0 0 -M
Tablesu 0
x' xz xj X4 x. x: xs
Xy 020 032 1 0 0.25 X ¢ 012 -1 D05
X4 1+ 1 g | Xy 1 1 0 1
(e;— ) B 60 0 0 0 6 -20 0 -~ 80
-1 | 0 0 -1 0 0 0 0
Tableau 1 Tablean 2

Using both Step | of the simplex method and Change 2, we find that the most negative clement in the
last row of Tableau | (excluding the last column) is — I, which appears twice. Arbitrarily selecting the
xy-column as the work column, we form the ratios 0.25/0.20 « 1.25 and 1/1 = 1. Since the element 1, starred
in Tablean |, yiclds the smallest ratio, it becomes the pivol. Then, applying Steps 3 and 4 and Change 3 to
Tableau [, we generate Tableau 2. Observe that x, replaces the artificial variable x, in the first column of
Tableau 2, 5o that the entire x,-column is absent from Tableau 2. Now, with no artificial variables in the
first column and with Change 3 implemented, the last row of the tbleau should be all zeros. It is; and by
Change 4 this row may be deleted, giving

0 -20 0 -BO
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as the new last row of Tableau 2.
Repeating Steps 1 through 4, we find that the x;-column 1§ the new work column (recall that the last

element 1n the last row is excluded under Step 1), the starred clement in Tableau 2 is the new pivot,
and the elementary row operations yield Tableau 3,

X1 X3 Xa
X3 0 | 8.333 04167
X, 1 0 —-833 0.5833
0 0 166.7 —~T1.67

Tableau 3

in which all calculations have been rounded to four significant figures.
Since the last row of Tableau 3, excluding the last column, contains no ncgative clements. it follows from

Step 6 that x? = 0.5833, xg = 04167, x? = x§ =0, with z* = 71.67.
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THE DUAL SSIMPLEX METHOD

The (regular) ssimplex method moves the initial feasible but nonoptimal solution to an
optimal solution while maintaining feasibility through an iterative procedure. On the other
hand, the dual ssmplex method movestheinitial optimal but infeasible solutionto afeasible
solution while maintaining optimality through an iterative procedure.

Iterative procedure of the Dual Smplex Method:
STEP 1: Rewrite the linear programming problem by expressing all the constraints in <
form and transforming them into equations through slack variables.

STEP 2: Exhibit the above problem in the form of a simplex tableau. If the optimality
condition is satisfied and one or more basic variables have negative values, the dual
simplex method is applicable.

STEP 3: Feasibility Condition: The basic variable with the most negative value becomes
the departing variable (D. V.). Call the row in which this value appears the work row. If
more than one: candidate for D.V. exists, choose one.

STEP 4: Optimality Condition: Form ratios by dividing all but the last element of the last
row of ¢ - Zj vaues (minimization problem) or the Zj - Cj vaues (maximization problem)
by the corresponding negative coefficients of the work row. The non basic variable with
the smallest absol ute ratio becomes the entering variable (E.V.). Designate this element in
the work row asthe pivot element and the corresponding column the work column. If more
than one candidate for E.V. exists, choose one. If no element in the work row is negative,
the problem has no feasible solution.

STEP 5: Use elementary row operations to convert the pivot element to 1 and then to
reduce al the other elements in the work column to zero.

STEP 6: Repeat steps 3 through 5 until there are no negative values for the basic variables.
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Example 39  Use the dual simplex method to solve the following problem.
minimize: z = 2x, + X, + 3x;
subjgct to:  x; — 2x; + xy =4
2x;+ X+ X3 <8
X, —Xx320
with: all variables nonnegative
Expressing all the constraints in the 5 form and adding the slack variables, the problem becomes:

minimize: == 2x; + x; + 3x; + Oxg + Ox;s + Oxg

subject to:  — x; + 2X3 — X3 + X4 = —4
h, + I, +I, +X:| == 8
- X + X, +Xs= 0

with: all variables nonnegative

X, X; X3 Xo Xs X

Xa - 2 -1 1 0 O -4

X S RPN TN SO [ 0

(c;=z;): 2 1 3 0 0 0 0
Tableau 1

Since all the (¢; — z;) values are nonnegative, the above solution is optimal, However, it is infeasible because
it has a nonpositive value for the basic variable x,. Since x, is the only nonpositive variable, it becomes the
departing variable (D.V.).

Xy X3 X3 Xy Xs X5

(¢; = 2;) row: 2 1 3 0 0 0
Xy FOW: -1 2 =1 1 0 0
absolute ratios: 2 - T e = S

Since x; has the smallest absolute ratio, it becomes the entering varable (E.V.). Thus the element —1,
marked by the asterisk, becomes the pivot element. Using elementary row operations, we obtain Tableau 2.
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X3 X Xs Xe: Xs Xeg
Xy 1 -2 1 -1 0 0 4
Xg 0 5 =1 2 1 0 0
Xg 0 =2 2 -1 0 | 4
(¢, —z)): 0 5 1 2 0 0 —8
Tableau 2

Since all the variables have nonnegative values, the above optimal solution is feasible. The optimal and
feasible solution is xT = 4, x% « 0, xT = 0, with z* = 8.
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Solved Problems

Q1: Theelectrical company need to built a project of electric generator across ariver.
It have three types of turbines with the following properties:

: 3 Width fromriver | Net revenue .year
Turbine type Flow needed (ft°/s) needed (ft) )
Turbine (1) 280 35 11500
Turbine(2) 350 65 15000
Turbine ( 3) 500 75 19000

If the total flow of river = 12000 ft3/s, and the net width of river = 2000 ft, find the

optimum combination of turbine for maximum revenue.

Sal:

Let X1 = Number of turbines (1) in project
X2 = Number of turbines (2) in project
X3 = Number of turbines (3) in project

Objective function:

Maximize Z = 11500 X1 +15000 X2 + 19000 X3

Subjected to:

280 x1 +350 x2 +500 x3 < 12000
35x1 +65x2 +75x3 < 2000

X1,x2,x3>0
280 x1 +350 x2 +500 x3 + x4 = 12000
3B x1l +65x2 +75x3 +x5 = 2000

Max. Z = 11500 X1 +15000 X2 + 19000 X3 +0 x4 + 0 x5
X1,x2,x3,x4,x5 >0

X=[X1 X2 X3 X4 X5|T

A=[35 65

280 350 500

S 122000000]

0 1

C=[11500 15000 19000 0 O]"

0= 3] co-[]
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xT
¢’

Xo Co A B
CIA-CT C!B
Tableau 3-1 For maximization programs
X1 X2 X3 X4 X5 ratio
11500 | 15000 | 19000 0 0
X4 280 350 500 1 0 12000 | 12000/500
X5 35 65 75 0 1 2000 2000/75
- 11500 | -15000 | -19000 0 0 0
X1 X2 X3 X4 X5 ratio
X3 0.65 0.7 1 0.002 0 24 24/0.7
X5 -/ 12.5 0 -0.15 1 200 | 200/12.5
-860 | -1700 0 38 0 456000

X1 X2 X3 X4 X5 ratio
X3 0.95 0 1 0.01 | -0.06 12.8
X2 -0.56 1 0 -0.01 | 0.08 16

-1812 0 0 17.6 136 | 483200

X1 X2 X3 X4 X5 ratio
X1 1 0 1.05 0.01 -0.06 13.45
X2 0 1 0.59 -0.01 | 0.05 23.53

0 0 1903.36 | 37.39 | 29.41 | 507563

Number of turbines (1) used in project = 13
Number of turbines (2) used in project = 23
Number of turbines (3) used in project =0
Total revenue = 13* 11500 + 23 * 15000 + 0 * 19000 = 494500%
Overall width of the river occupied by the turbines = 13*35 + 23*65 = 1950 ft
Overall flow of theriver that passes through the turbine = 13*280 + 23* 350 = 11690 cfs
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Q2: An industrial water treatment plant receives 300,000 m? of water per day. The
water must be softened and chlorinated before use. The treatment process requires
at least 100 units of a chlorination chemical and 150 units of a particular softening
agent. Two aternative types of water additive package contain the chlorination
chemical and softening agent. Additive A contain 3 units of chlorination chemical
and 8 units of the softening agent per package. Additive B contain 9 units of
chlorination chemical and 4 units of the softening agent per package. Costs of
water additive are A and B are 8% and 10$ per package, respectively. Determine
the combination of treatment additive A and B that will minimize cost. (Solve the
linear programming model by use Big-M method).

Sol:
Chlorination (unit) | Softening (unit) Cost $
Additive A package 3 8 8
Additive B package 9 4 10

Let X1 = No. of A package needed
X2 = No. of B package needed
Objective function:
Minimize Z =8 X1 +10 X2
Subjected to:
3x1+9x2>100
8x1 +4x2>150
X1,x2>0

3x1+9x%x2—-x3 =100
8x1+4x2 — x4 =150

3x1+9x2-x3 + x5 =100
8x1+4x2 —x4 +Xx6 =150 PXT
Minimize Z=8x1+10x2+0x3+0x4 + M x5+ M x6 |
X1,x2,x3,x4,x5,x6 >0 % C"i A B
lcr—cia | —cm

Tableau 3-1 For minimization programs
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X1 X2 X3 X4 X5 X6 ratio
10 0 0 M M
X5 | M -1 0 1 0 100 | 100/9
X6 | M 0 -1 0 1 150 | 150/4
8-11M | 10-13M M M 0 0 -250M
X1 X2 X3 X4 X5 X6 ratio
X2 0.33 1 -0.11 0 0.11 0 11.11 11.11/0.33
X6 6.67 0 0.44 -1 -0.44 1 105.56 105.56/6.67
4.6-6.67M 0 1.11-0.44M M | -11+14M | O |-105.56M-111.1
X1 X2 X3 X4 X5 X6 ratio
X2 0 1 -0.13 0.05 0.13 -0.05 5.83
X1 1 0 0.07 -0.15| -0.07 0.15 15.83
0 1.08+0.02M | 0.69 | 0.94M-0.78 0 -183.9

No. of A package needed = 16
No. of B package needed = 6
Number of chlorination chemical units provide for project = 3*16 + 9*6 = 102 unit

Number of softening agent units provide for project = 816 + 4*6 = 152 unit

Total cost=8* 16 +10* 6 =188 $
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Q3: A farm need at |east 800 m® of water daily. The water is provided by two nearby wells,

Asst. Prof. Dr. Sadeq Oleiwi Sulaiman

and have the following properties:

TDS (ppm) Nitrate (ppm) Cost $/ m?
Wdl 1 980 125 0.3
Wedll 2 300 20 0.9

The specia requirements of the crop in the farm are at most 600 ppm for TDS, and at |east
50 ppm for Nitrate. The farm directorate wishes to determine the daily mixture of water
from the two wells to obtain daily minimum cost. ( use two-phase method)

Sol:
L et X1 =volume of water (m®) from well 1
X2 = volume of water (m®) from well 2

Objective function:  Minimize Z =0.3 X1 +0.9 X2

Subjected to:

x1 + x2>800

980 x1 + 300 x2 <600 (x1 +x2)

125 x1 +20x2 > 50 (x1 +x2)

X1,x2>0
x1 + x2 >800 x1 + x2-x3 +x6 =800
380x1-300x2< 0 380 x1-300x2 + x4 =0
75x1-30x2 >0 75x1 - 30 x2 +x5 +x7=0

X1,x2>0 Min. Z =0.3x1 +0.9 x2 +0 x3 +0 x4 + 0x5 +Mx6 + Mx7

X1, x2,x3, x4, x5, x6,X7>0

X=[X1 X2 X3 X4 X5 X6X7]T C=[0309000M M]T

1 1 -1 0 0 10 800 X6 0
A=1380 =300 0 1 0 00 b=| 0 X0 = [x4| CO=|M
75 =30 0 0 1 01 0 X7 M
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X1 X2 | X3] X4 | X5 X6 | X7 ratio
0.3 0.9 o| 0| 0| M M
X6 | 0 1 1 1] 0] 0 1 0 | 800
X4 |M| 380 300 (0|1 | 0] DO 0 | 0
X7 |[M| 5 -30 0| 0 |1 0 1 | o0
c-z 0.3-455M | 0.9-270M 0 -M -M M 0 0
separateto | R 0.9 o 0|0/ O 0 | 0
twophase | 455 | -270 | O | -1 | -1 | 1 0o | O
X1 X2 | X3] X4 [ X5 | X6 | X7 ratio
X6 0 179 | -1] 0 | 1 0 0 | 800
X1 1 079 | 0 [0002| O 0 0 | O
X7 0 29021 | 0| 2|0 |02] 1 |ODO
0 1137 | 0| O | O 0 0 | O
0 62945 | 0 |0197| -1 | 1 0o | O
X1 X2 | X3| X4 | X5 | X6 ratio
X6 0 0 -1 [ 006 | 1 | 001 |800
X1 1 0 0 [0025| O 0 | O
X2 0 1 0 [0034| 0 [-0007| O
0 0 0 (0039 0 |0008 | O
0 0 0 |=2135| -1 | -34 | O
X1 X2 | X3 | X4 | X5 ratio
X4 0 O |-666 1 |[16.66]13333.33
X1 1 1 |:044| 0 | 044 | 33333
X2 0 1 |:0856| 0 | 056 | 45333
0 O |(065| 0 |-065| -520
0 0O |[f8558| O |354.8|284666.6

LS ol ysaiall w55 sl 13 tie Jad) G g 130 Al oSle ) Jaall b 5 saall 2 sanll jualic JS o) L
x1=333.33m* x2=453.33m°,z=520$ :.L

10



Water Resources
Management and Economy

University of Anbar— College of Engineering
Dams & Water Resour ces Engineering
Department — 4" stage
Asst. Prof. Dr. Sadeq Oleiwi Sulaiman



Water Resources Management & Economy

4™ stage — Dams & Water Resources Engineering Department — College of Engineering — University of Anbar - Iraq
Asst. Prof. Dr. Sadeq Oleiwi Sulaiman

Q4: Solve Q3 Graphicaly

Summary of Optimal Solution:
Objective Value = 508 24
x1= 35204
X2 = 44706
o
N
*‘\I
q-? 'Ll . . . . . . . . D
(1) ,°°° £ Lz
‘a0 - TRl .
‘ \, T ‘{‘.-*; RO 3¢
720 < [T TN A
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400 ,."3 !.U)}".-b‘/.) (e,2) d5A
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'/ Sz (90)
o
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/4 N
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Q5: Solve Q3 by use Big — M method
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QG6:
Use the dual simplex method to solve the following problem.
maximize: =z = —2Zx,; — 3x,

subject to: Xy t+txzg= 2
2x, + x5 = 10
Xy 4+x3= 8

with: x,; and x,; nonnegative

Expressing all the constraints in the = form and adding the
slack variables.the problem bocomes:

maximirze: == —2x,; — 3x5 4+ Oxy 4+ Oxy + Ox,
subject to: —y - Xg W X3 = —2
2x. -+ N2 + X4 - 10
Xy + X -+ Xg == b
with: all variables nonnogative
X2 X2 X3 Xa X
Xy — A" —1 1 0 0 —2
Xa - 1 O 1 8] 10
X - 1 1 0 (8} 1 8
(=, — c): 2 3 O O (&} O
Tableau 1

Since all the (z; — ¢;) values are nonnegative, the above solution & optimal. However, it is infcasible because
it has & nonpositive value for the basic variable x;, Since x; i$ the only nonpasitive variable, it becomes the
departing variable (D.V.).

ey A e 2. ot
(z; = ¢;) row; 2 3 b 0 o0
Xy row: -1 -1 1 0 o0
absolute ratios: 2 Ji = = -

Since x, has the smallest absolute ratio, it becomes the entering variable (E.V.). Thus the clement — 1,
marked by the asterisk, 15 the pivot clement. Using elementary row operations, we obtain Tableau 2.

x X1 Xy X5 Xs ]
Xy 1 I =i B N ‘ 2
Xa 0 o | s 1 1] 6
X4 0 0 1 0 1 6
(zp— ek 0 1 2 0 0 -4
Tableau 2

Since all the variables have nonnegative vilues, the above optimal solution is feasible, The optimal amd
feasible solution is x7 = 2, xT = O, with 2% = -4
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Self Test
Q1.

A boat company
but the company’s monthly ‘
serews available cach month. The c_.hrc . i
in view of the information given in

All can be made profitably in this company.

production is constrained by the limited amount of labour, wood gnd
ctor will choose the combination of boats that maximizes

the following table:

makes threc different kinds of boats.

his revenuge

Monthly Available

Row Boat Canoc  Keyak

Input ho
w 1.260 hours
ab Hours 12 7 }
%f(t:tl:c;'zi(k)grd oet) 22 18 16 19,008 qtza;rd feet
4 3 3 2
Screws (Kg) 2
Selling price (in Rs.) 4,000 2.000 5,000 a

3 > ims : solved
Formulate the above as LPP and solve it by simplex method. From the optimal table of the sO

LPP, find:

. - 2
a) How many boats of cach type will be produced and what will be the resulting revenuc

b) l\v\”rl-ui':h. if any, of the resources are not fully utilized? If so, how much of spare capacity is
eft?

Q2: The combination of three technologies is used to remove a certain pollutant from
wastewater. Thethreetechnologiesremove 1, 2, and 3 g/m3 of the pollutants, respectively.
The third technology variant seems to be the best, but it cannot be applied to more than
50% of the wastewater being treated. The costs of applying the technology variants are $5,
$3, and $2 per cubic meter. If 1000 m3 must be treated in a day, and at least 1500 g of
pollutant has to be removed, then formulate a smple linear programming to model this
optimization problem.

Q3: A steel manufacturer produces four sizes of | beams: small, medium, large, and extra-
large. These beams can be produced on any one of three machine types: A, B, and C. The

lengthsin feet of the | beam that can be produced on the machines per hour are summarized
below:

MACHINE
BEAM A B C
Small 150 A50 RS0
Medium 250 4008 700
Large 200 350 &0
Exira large 125 200 125

Assume that each machine can be used up to 50 hours per week and that the hourly
operating costs of these machines are respectively $30.00, $50.00, and $80.00. Further
suppose that 12,000, 6000, 5000, and 7000 feet of the different size | beams are required
weekly. Formulate the machine scheduling problem as alinear program.
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Quiz: 20-8-2015

The combination of three technologies was used to remove a certain pollutant from
wastewater. The three technologies remove 1, 2, and 3 g/m® of the pollutants from
wastewater, respectively. Thethird technology seemsto bethe best, but it cannot be applied
to more than 50% of the wastewater being treated. The costs of applying the technology
variants are $5, $3, and $2 per cubic meter. If at least 1000 m® must be treated in a day,
and at least 1500 g of pollutant has to be removed. Formulate and solve a linear
programming to model this optimization problem.
Sol:

L et X1 = Amount of waste water treated by using 1% technology in m?
X2 = Amount of waste water treated by using 2" technology in m?
X3 = Amount of waste water treated by using 3" technology in m®
Objective function:
Minimize Z=5X1+3 X2+ 2 X3
Subjected to:
X1+ x2+x3 >1000
x1+2x2+3x3>1500

x3 <0.5 (x1+x2+x3) ... -05x1-0.5x24+0.5x3<0 ... 0.5x1 +0.5x2 -0.5x3>0
X1,x2,x3 >0

X1+x2+x3—-x4 +X7 =1000

X1+2x2+3x3 -xb +x8 =1500

0.5x1 +0.5 x2 -0.5 x3 —x6 +x9=0

Minimize Z=5x1+3x2+2x3+0x4+0x5+0x6+ M X7 +M x8+ M x9
X1,x2,x%x3,x4,x5,%x6 x7,%x8,x9>0

by use big-M method for solve alinear program

X1 | X2 | X3 | X4 | X5 | X6 | X7 | X8 | X9

S 3 2 0 0 0 M M M
X7 |M 1 1 1 -1 0 0 1 0 O | 1000 | 10001
X8 |M 1 2 3 0 -1 0 0 1 0 | 1500 | 150053
X9 M| 05|05|-05| 0 0 -1 0 0 1 0
0 0 0

5

- 3
2.5M

- 2
3.5M

3.5M -2500M
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X1 | X2 | X3 | X4 | X5 | X6 | X7 | X8 | X9 |solution| raio
X7 | 066 | 033 0 -1 0.33 0 1 -0.33 0 500 | 50000.66
X3 | 033 | 066 1 0 -0.33 0 0 0.33 0 500 | 500/0.33
X9 | 066 | 0.83 0 0 -0.16 | -1 0 0.16 i 250 | 250/0.66
pom Lt | ° | M Jomw| M | ° | iew| © | 7om
X1l | X2 | X3 X4 | X5 | X6 | X7 | X8 | X9 | solution | ratio
X7 0 -0.5 0 -1 0.5 1 il -05 -1 250 25011
X3 0 0.25 1 0 025 | 05 0 025 | -05 375 | a5
X1 1 1.25 0 0 -0.25| -15 0 0.25 15 375
O Jom | O | M [omw 6™ | O || w | zom
X1l | X2 | X3 X4 | X5 | X6 | X7 | X8 | X9 |solution| raio
X6 0 -0.5 0 -1 0.5 1 i -0.5 -1 250 | 250005
X3 0 05 1 05 | -05 0 -05 | 05 250
X1 1 05 0 -1.5 0.5 0 1.5 -0.5 750 | 750/05
0 -0.5 0 6.5 -15 0 -6.5+M 1.5+M -4250
X1l | X2 | X3 X4 | X5 | X6 | X7 | X8 | X9 | solution| raio
X5 0 -1 0 -2 1 2 -1 -2 500
X3 0 0 1 -0.5 0 0.5 -1 500
X1 1 0 -0.5 0 -1 0.5 il 500
0 -2 0 35 0 3 _3'\'/‘? * M M-3 -3500
X1l | X2 | X3 X4 | X5 | X6 | X7 | X8 | X9 |solution| raio
X5 1 0 0
X3 0 0 1 -0.5 1 0.5 -1 500
X2 1 1 0 -0.5 -1 0.5 1 500
2 0 0 2.5 0 1 ‘2,\'f+ M M-1 2500
The optimal solutioniis:
X1=0m3, x2=500 m*, x3 =500 m?,

The minimum cost for treated wastewater per day = 2500$%
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Linear Programming: Duality and Sensitivity Analysis

1- Duality

Every linear program inthe variables X1, X 2, ... ,Xn has associated with it another
linear programinthevariablesW1, W2, . .., Wm (where misthe number of constraints
in the origina program), known as its dual. The original program, called the primal,
completely determines the form of its dual.

Min(Dual)

w2 or X,

W1 or X;

SYMMETRIC DUALS
The dual of a (primal) linear program in the (nonstandard) matrix form
minimize: z=C'X
subject 10 AX=2B (4.1)
with: X0
is the linear program
maximize: = = BTW
subject to: AW < C (4.2)
with: Wz=0
Conversely, the dual of program (4.2) is program (4.7).
Programs (4.7) and (4.2) are symmetrical in that both involve nonnegative variables and inequality

constraints; they are known as the symmetric duals of cach other. The dual variables wy, wy, ..., w, are
sometimes called shadow costs,

(Duality Theorem): If an optimal solution exists to either the primal or symmetric dual
program, then the other program aso has an optimal solution and the two objective
functions have the same optimal value.
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Dual (Jiaal S z dgaill) A ASaal) (oS Aalad) ) ghadl) 4-3

. Primal adsY) Akl 358 e 28 JS e 8 Joy e das 1

AN Al 35580 e oyl a5 el 43 53 Al 3 caagl Ay Sllales 2
AN U gl Ay SBlebee gl A Y1 AR 3 eVl ikl Sl 3
AN O aleall A8 giaae gesnal A5 Ealeall 46 sinad (Transpose) Aaadl .4
RS 3 2yl Adle ClS Laxie SAY1 B3V LA AR 3 258 olad S5 .5
b oS gl G Y AEA (g o SIE 8 Oe e 3gaill S 13 A Y
ana oSally iSall g o5 s 5 B Al Al

o alid ol pall dal o gt Al Max. s OIS 136 Ciagh 41y ole3 iSay .0
oSl gAY Zisall B sl

W) I zdsalll o sl asly (A58 (AL Alaall) JHE 73 gaill 4pus DS
oSally 4t (Primal 4 5Y

A Szl Aalal) Lanall ColS 126

Primal model

M ax. Z =CIX1+C2X2+ ...... + CnXn

Sub. To:

all x1 +al2x2 +al3 x3+....... +aln xn<bl
a2l x1 +a22 x2 +a23 x3 +....... +a2n xn < b2
aml x1 +am2 x2 +tam3 x3 +....... +amn xn < bm
x1,x2,x3,.....,xn>0

Dual model

Min. Z*=blwl +b2w2 + ......... +bmwm ,
Sub. To:

allwl+a2lw2+a31w3 +....... +amlwm >C1
al2 wl +a22 w2 +a32 w3 + ....... +am2 wm > C2
alnwl +a2n w2 +a3nw3 +....... +amn wm > Cn

wl, w2, w3, .....,wn >0
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s 8l glae 38 S e a1 o L) RIS 3 58l) 8l suall Alla 3 (585 Laie 3 58l Aadlaal ¢ Adadla
O 258l en Jpaed Iy I3 2 68 glosall 28l ¥ Calall (s sl ol S AN 5 (5 s 5) S) Laaal
(1% it s (5 sl ol o 81 ) (s sy 5} e ST Ll (gl) 2ad 5 & 58 (g0 (4SS

Example : Determine the dual of the program
Max. z=5x1+ 10 x2

Sub. To:
3x1-7x2<20

Xl +x2> 2
4x1+8x2=30
X1,x2,x3>0

Sol:

Primal Dual

Max. z="5x1+ 10 x2 Min. Z* =20wl-2w2+ 30w3-30 w4
Sub. To: Sub. To:

3x1-7x2<20 3wl-w2+4w3-4w4>5
-x1-x2< -2 - 7wl —-w2 + 8w3 -8 w4 > 10
4x]+8x2<30 W1, w2, w3, wd >0
-4x1-8x2<-30

X1,x2,x3>0

:Dual (JA8all) SUSY 23 gaill $seadll o5 10! 2-3

:Dual S =350 ) Primal 1Y) T35l e Joaadll 25168 e

Ganll aa S3s Chpa Gl 08l e i 22e o (st mises e Jgeandl L
Sl e e Jsaadly oSVl Jadl D Jsea l 5 GuShiadl Jglaald ot
-Dual U =3 gall Jall 8 IV o3 paill Jall SIS o) gas BV

Plaall 5555 Laie gl (S o) SV caladl 3 I 3 LAY e alasll 2
Z3—ail W Jsadll Ve 3 adle Jgeandl oSas Lo pal gay Al e i3
sl

Fa3al SIS 136 (Al Al USE) oAV ARE Ml e il ekl L3
il LGlSald (Ao Gl daaally AASSL ! Max. ) dspass Primal st
Ol ) (o s ISH Calall Wlias s, Min. I Aapay 55Sey Szl e
Primal 4,¥1 Laall, ¥V il Lgie el A2 st , ] EALEA




Water Resources Management & Economy

4" stage — Dams & Water Resources Engineering Department — College of Engineering — University of Anbar - Iraq
Asst. Prof. Dr. Sadeq Oleiwi Sulaiman

Example : Show that both primal and dual program in below problem have the same
optimal value for Z, and that the solution of each is embedded in the final simplex tableau

of the other.

Max. Z=12x1+ 48 x2
Sub. To:

X1+x2< 10
3x1+3x2<24

4x1 >8

X1,x2>0

Sol:

1- To solve this program directly we need to add slack, surplus and artificial variables,
and the application o two-phase or big-M method:

Max. Z=12x1+48x2 + 0x3+0x4+0x5—-M x6

Sub. To: X
X1+x2 +x3 = 10 T : E
3x1+3x2 +x4 =24 lcta-¢r | cim
4 Xl _X5 + X6 - 8 Tableau M1 Far maalmbanthon prrsgrams
X1, x2, x3, x4, x5, x6 >0
X1 X2 X3 X4 X5 X6 solution ratio
12 48 0 0 0 -M
X3 1|0 1 1 1 0 0 0 10 10/1
X4 | 0 3 3 0 1 0 0 24 24/1
X6 | - 4 0 0 0 -1 1 8 8/4
M
-AM-12 -48 0 0 M 0 -8M
X1 X2 X3 X4 X5 X6 | solution ratio
X3 0 1 1 0 0.25 -0.25 8 8/1
X4 0 3 0 1 0.75 -0.75 18 18/3
X1 1 0 0 0 -0.25 0.25 2
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0 -48 0 0 -3 M+3 24
X1 X2 X3 X4 X5 X6 |solution| ratio
X3 0 0 1 -0.333 0 0 2
X2 0 1 0 0333 | 025 | -0.25 6
X1 1 0 0 0 025 | -0.25 2
Z 0 0 0 16 9 M-9 312
Optimal solution: x1=2 ,x2=6 ,Zmax =312

o) Cun Aailall 5 3811l yuaiall ad cani g AV ) b (dual) Jtad) Jall dad 055 ; ddas

W1=0,w2=16,w3=9

To solve the program by use dual program:

Primal

Max. Z=12x1+ 48 x2
Sub. To:

X1+x2< 10

3x1 +3x<24

-4x]1 <-8

Duadl

Min. Z* =10wl + 24 w2 - 8 w3
Sub. To:

wl+3w2-4w3 >12
wl+3w?2 > 48

To solve dua program we need to use either two phase or big M method,

Min. Z* =10wl + 24 w2 -8 w3
Sub. To:
wl+3w2-4w3 -w4+ w6 =12
wl+ 3w2 -w5 +w7 = 48
Min. Z* =10wl+24w2-8w3+0w4+ 0w5+M w6 + M w7
W1l | W2 | W3 | W4 | W5 | W6 | WY olution ratio
10 24 -8 0 0 M M
W6 | M 1 3 -4 -1 0 1 0 12 12/3
W7 | M 1 3 0 0 -1 0 1 48 48/3
10- 24-
oM 6M -8+4M M M 0 0 -60M
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w1 W2 W3 W4 W5 W6 W7 | solution | ratio
W2 | 0.33 1 -1.33 | -0.33 0 0.33 0 4
W7 0 4 1 -1 -1 1 36
2 0 24-4M | 8-M M -8+2M -96-36M
w1 W2 W3 W4 W5 W6 W7 | solution | ratio
W2 0 1 0 0 -0.33 | 0.33 0.33 16
W3 0 0 1 025 | -0.25 | -0.25 | 0.25 9
Z 2 0 0 2 6 -24M | -6+M -312

Optimal solution: wl=0 ,w2=16, w3=9 ,Z*min.=- 312

20 G Al 3080 Ll ) jaaial) ad Caat g AN Gl A (primal) S dall dad <8 Adaadl
X1=2,X2=6,w3=9,Zmax.=-(Zmin.) =-(-312) = 312
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Oemea A5 jaeadld g caagdl Al o uaeted Clalaa e ¥ cailadl G soliaadl ey 5o
DAY JEAD o Gasle e AU D gaill 3 iy pite a8 S0
Sl S8 Aaas Ll X X cilemiadl e Sue g3 S SN (saad a3 (41) (Rl
a9 12 ¢10 <8 sa 5 sall 0da e ~lEal HIS 13WE Jandl g A3Ua 5 303 501 3 gall & dais
oda e X s X Oe IS e saa) ol saa pl Anliad Lo SV Jgapdl mamgny coan
lagia US 7o se 200 oD
P OSag Le S Caagdl ANl Al Jxad AW Xp X e oa g

ok LS Babudl Jgandl g JGall Galad) pdasdl dsasall 3 st LSl
Max. 7z = 2X,+3X,

ST
UJY‘ 3‘}4.“.\53
X, +2X, =8 B 2
4X,+3X, <12
KMy =0 J
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iUglaxy (Primal JsY) z3said) 138 oy
s X5 X a1
oS Lo St eyl A Jead 0 BN Z a2
X5, X4, X3 Jad fe ASndl 2 Sl L3
PO LR KO JE R POt IR
Xa 5 X e saal gl 52 g0 S L]

S 2l RIS [y
toa i My (RN JARD 73l e B ek G SN
LIV 3 sl e sand gl 3aa M e 1AL
Alall e 2l gl sas gl e ‘W2
Jaxdl e saa) g 2a o)l jau (\W3
o LS ((80) il 350 55
Min. Z*=8W1+10W2+12W3
S.T.
wl +3w2 +4w3 32

2wl +w2+3w3 33
wl, w2,w320

ttb LS Caagll 203 3 paad il (S
o YT sl e sanl gl Sas gl e e Jaals (5) AV sl A6 8w

(308 5l A Y1 3 gl
'S}ﬂlwlq.iiil]al\ty;.\;l_,ni.\;,l\ygﬂ&ahél)iﬂhﬂm:10w2
A 3aS 8 Jandl e saal gl 30a ore i i Jaala (g1) Jead) d3lS : 12wW3
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Example: _
Mminimize: z = Xx; + X, + X3 + X, + Xg + X
subject to: x, +xs= 7
Xy + X, > 20
X + Xy =14
Xy + x4 =20
Xy + X =10
Xs+ Xg =95
with: all variables nonnegative
To solve this program directly would require the introduction of 12 new variables, six surplus and

six artificial, and the application of the two-phase method. A simpler approach is to consider the dual
program:

maximize: z = Tw, + 20w, + 14w, + 20w, + 10ws + Swg

subject to:  w, + w, <1
Wy + Wy <l

Wi + W, <1

Wy + Ws <1

Ws+wg <1
w, +wg <1

with: all variables nonnegative

Wy Wy W W, Wy W  Wa Wy Wg W,o W, Wi
7 20 14 20 {1 - fa o 0 0 0 0 a
W, 0 1 1 0 0 0 0 1 0o o 0 0 0 1
Wy 0 0 i* | 0 0 0 0 I 0 0 0 0 I
wg O 0 0 ! ! o 0 0 0 1 0 0 0 I
wWig O a 0 0 1 | O ¢ 0 0 ! 0 0 1
w, 0 0 0 0 0 1 10 0 0o 0 I 0 1
w2 0 1 0 0 0 0 I 0 0 o0 0 0 | t
(2, — &) -7 =20 -14 20 —-10 -5 0O o0 o 0 ] 0 0
Tablesu 1

11
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slack variahles
SR e 28

- =%

Wy Wi Wy W Wy Wg W, K‘a W, Weon Wy “', 2
W, § OwEy A ol st =F @ W B 0 0
Wi 0 ] 0 0 0 0 1 0 0 0 0 |
Wo 0 0 1 0 —| 0 0 0 1 -1 Q 0 0
Wy 0 0 0 1 1 0 0 ) 1 1 0 0 I
Wy 0 0 -1 0 | 0 | -1 0 a 1 -1 0
¥y O T TR O O A L O O < | 1
0 a | 0 10 0 2 18 0 20 0 a5

b
<3 =

—_——
solution to the primal
Tableaw 5

This system is put in standard form by introducing only six new variables, all slack. Doing so and then
applying the simplex method, we successively generate Tableaux 1, . ... 5. Tableau 5 signals optimality for
the dual program, so the optimal solution to the primal is found in the last row of this tableau, in those
columns associated with the slack variables. Specifically, xt{=2xt=18 x§=0,x§=20,x31=0,x2 =5,
with z* = 45,

12
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Example : For a small irrigation project, two reservoirs (R1) and (R2) are available as
shown in figure. The total volume of water per year that can be available from reservoir
(R1) is (7,000,000 m®) and from reservoir (R2) is (5,000,000 m3). It is desire to convey at
least (4,000,000 m3) of water per year to sites (A), (2,000,000 m3) of water per year to sites
(B), and (6,000,000 m?) of water per year to sites (C). If the cost for conveying each 1000
m?® of water from reservoir (R1) to sites (A), (B) and (C) are 10$, 13$ and 15%$ respectively,
and from reservoir (R2) to sites (A), (B) and (C) are 14%, 113$ and 8% respectively. Find the
amount of water to be conveyed from each reservoir to minimize the total cost of
conveyance of water. (use concept of duality method)

R1 R2

Sol: « .
Site B
Site A

Let: Site C
X1= amount of water that convey from reservoir R1 to site A (100mA

X 2= amount of water that convey from reservoir R1 to site B (1000 m3)
X 3= amount of water that convey from reservoir R1 to site C (1000 m®)
X4= amount of water that convey from reservoir R2 to site A (1000 m°)
X5= amount of water that convey from reservoir R2 to site B (1000 m3)
X6= amount of water that convey from reservoir R2 to site C (1000
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Obj. Fun.:

Min. Z=10x1 + 13x2 +15x3 +14x4 +11x5 + 8x6

Subj. to:

X1+ x4 > 4000

X2+ x5 >2000

X3+ x6 > 6000

X1 +x2+x3<7000 .......... ...l -X1-x2-x3 >-7000
X4+x5+x6<5000 .......... ......... - X4 -x5-x6 >-5000
X1, x2,%x3,x4,x5,x6>0

Convert to dual program
Max. Z* =4000 w1l +2000 w2 + 6000w3 — 7000w4 — 5000w5

Sub. To:
W1-w4 <10
W2-w4 <13
W3-w4 <15
W1l-w5 <14
W2-w5 <11
W3 -w5 <8 W1, w2 ,w3,wd, w5, w6 >0
Solve the dual program by using simplex method:
M aximize:
Z*=4000w1+2000w2+6000w3-7000w4-5000w5+0w 7+0w8+0w9+0w10+0w11+0w12
Sub. To:
W1 -w4 + W6 =10
W2 — w4 +w7/ =13
W3- w4 +w8 =15 X7
w1 — w5 +W9 =14 i
W2 — W5 +w10 =11 o . E
W3 —wb +wl1ll=8 s CoB

Tableau 3-1 For maximization programs

W1, w2 ,w3, w4, w5 we, W7, w8, w9 ,wl0, wll>0
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wl w2 | w3 | wd | ws | we | w7 | w8 | w9 | wi0 | wil o
4000 | 2000 | 6000 | -7000 | -5000 0 0 0 0 0 0
we |0 1 0 0 -1 0 1 0 0 0 0 0 |10
w7 |0 O 1 0 -1 0 0 1 0 0 0 0O |13
w8 |0 O 0 1 -1 0 0 0 1 0 0 O |15 151
w9 [0 1 0 0 0 -1 0 0 0 1 0 0O |14
wil0 |0 O 1 0 0 -1 0 0 0 0 1 0 |
will|{0O O 0 1 0 -1 0 0 0 0 0 1 | 8| sn
-4000 | -2000 | -6000 | 7000 | 5000 | O 0 0 0 0 0 |o
wl | w2 | w3 | wd | ws | we | w7 | w8 | w9l |wl0| wil
W6 | 1 0 0 -1 0 1 0 0 0 0 0 10
w7 | O 1 0 -1 0 0 1 0 0 0 0 13
w8 | O 0 0 -1 1 0 0 1 0 0 -1 7
w9 | 1 0 0 0 -1 0 0 0 1 0 0 14
wl0| O 1 0 0 -1 0 0 0 0 1 0 11
W3 | 0 0 1 0 -1 0 0 0 0 0 1 8
-4000 | -2000 | O | 7000 |-1000 | O 0 0 0 0 | 6000 | 48000
wl | w2 | w3 | wd | ws | we | w7 | w8 | w9l |wl0| wil
Wi| 1 0 0 -1 0 1 0 0 0 0 0 10
w7 | O 1 0 -1 0 0 1 0 0 0 0 13
w8 | O 0 0 -1 1 0 0 1 0 0 -1 7
w9 | O 0 0 1 -1 -1 0 0 1 0 0 4
wl0| O 1 0 0 -1 0 0 0 0 1 0 11
W3 | 0 0 1 0 -1 0 0 0 0 0 1 8
O |-2000| O | 3000 |-1000| 4000 | O 0 0 0 | 6000 | 88000
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wl | w2 | w3 | wld | ws | wbe | w/ | w8 | w9 |wlO| will
Wil| 1 0 0 -1 0 1 0 0 0 0 0 10
w7 | O 0 0 -1 1 0 1 0 0 -1 0 2
w8 | O 0 0 -1 1 0 0 1 0 0 -1 7
w9 | O 0 0 1 -1 -1 0 0 1 0 0 4
W2| O 1 0 0 -1 0 0 0 0 1 0 11
W3| O 0 1 0 -1 0 0 0 0 0 1 8
0 0 O | 3000 |-3000| 4000 | O 0 0 | 2000 | 6000 | 110000
wl | w2 | w3 | w4 | ws | wb | w7 | w8 | w9 | wil0| will
Wwi| 1 0 0 -1 0 1 0 0 0 0 0 10
W5| O 0 0 -1 1 0 1 0 0 -1 0 2
w8 | O 0 0 0 0 0 -1 1 0 1 -1 5
w9 | O 0 0 0 0 -1 1 0 1 -1 0 6
W2 | 0 1 0 -1 0 0 1 0 0 0 0 13
W3| O 0 1 -1 0 0 1 0 0 -1 1 10
0 0 0 0 O |4000 | 3000 | O 0 |-1000 | 6000 | 116000
wl | w2 | w3 | wld | ws | wb | w/ | w8 | w9 |wlO| will
Wil| 1 0 0 -1 0 1 0 0 0 0 0 10
W5| O 0 0 -1 1 0 0 1 0 0 -1 7
W10 | 0 0 0 0 0 0 -1 1 0 1 -1 5
w9 | O 0 0 0 0 -1 0 1 1 0 -1 11
W2 | 0 1 0 -1 0 0 1 0 0 0 0 13
W3| O 0 1 -1 0 0 0 1 0 0 0 15
0 0 0 0 O | 4000 | 2000 | 2000 | O O | 5000 | 121000
X1 | X2 X3 X4 | X5 | X6 Z

Amount of water that convey from reservoir R1 to site A = 4,000,000 m?
Amount of water that convey from reservoir R1 to site B = 2,000,000 m?
Amount of water that convey from reservoir R1 to site C = 1,000,000 m?
Amount of water that convey from reservoir R2to site A =0m?®

Amount of water that convey from reservoir R2to site B =0 m?

Amount of water that convey from reservoir R2to site C = 5,000,000 m3
Total cost of conveyance of water per year = 121,000 $
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1-SENSITIVITY ANALYSIS

The scope of linear programming does not end at finding the optimal solution to the linear
model of areal-life problem.

Sengitivity analysis of linear programming continues with the optimal solution to provide
additional practical insight of the model.

Since this analysis examines how sensitive the optimal solution is to changes in the
coefficients of the LP model, it is called sensitivity analysis. This processis also known as
postoptimality analysis because it starts after the optimal solution is found.

Since we live in adynamic world where changes occur constantly, this study of the effects
on the solution due to changes in the data of a problem is very useful.

In generd, we are interested in finding the effects of the following changes on the optimal
L P solution:
(i) Changesin profit/unit or cost/unit (coefficients) of the objective function.

(if) Changes in the availability of resources or capacities of production/service centers or
limits on demands (requirements vector or RHS of constraints).

(iii) Changes in resource requirements/units of products or activities (technologica
coefficients of variables) in constraints.

(iv) Addition of anew product or activity (variable).

(v) Addition of anew constraint.

The sensitivity analysis will be discussed for linear programs of the form:

maximize: z= C™X

subject to: AX <B

with: X >0

where X isthe column vector of unknowns; C' isthe row vector of the corresponding costs

(cost vector);

A isthe coefficient matrix of the constraints (matrix of technological coefficients); and
B isthe column vector of the right-hand sides of the constraints (requirements vector).
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Tofix our ideas, the sensitivity analysis concepts will be exemplified through the following
numerical problem:

maximize: Z=20 X1+10 X2

subjectto:  XI +2X2<40
33Xl + 2X2 <60

with: XI and X2 nonnegative

This programis put into the following standard form by introducing the slack variables X3
and X4 :

maximize: Z = 20x | +10x2 + 0x3 + 0x4
subjectto:  XI +2X2 + X3 =40
3x 1+ 2X2 +X4=60
with: al variables nonnegative
The solution for this problem is summarized as follows:

Initial Simplex Tableau:

x; 0 1 2 1 ® 40
xs 0 3 7l s | 60

Final Simplex Tableau:

I 6 4 1 =1 20
x; 20 £ Amn s 20
(z;— &) 0 103 0 203 | 400

Sincethelast row of the above tableau contains no negative elements, the optional solution
Isx1 =20, x2 =0, with z* = 400.
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For clarity of exposition, the five types of modifications are illustrated case by case below:

Example 4.1 Modification of the cost vector CT

(a) Coefficients of the non basic variables

Let the new value of the cost coefficient corresponding to the nonbasic variable X2 be 15
instead of 10.

The corresponding ssmplex tableau is

20 15 0 0

x; O 0  43* 1 —1/3 20
X, 20 1 2y 8 1B 20
@ — ¢)): 0 =53 0 203 | 400

Since (Z2 - C2) < 0, the new solution is not optimal. The regular simplex method is used
to reoptimize the problem, starting with X 2 as the entering variable.
The new optimal tableau is:

20 15 0 0
x, 15 0 1 34 —1/4 5
X, 20 1 0 —12 12 10
(z;— ¢): 0 0 54 254 | 425

The optimal solution isx1 = 10, x2 = 15, with z* = 425,
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(b) Coefficients of the basic variables.

L et the cost coefficient of the basic variable X1 be changed from 20 to 10. Then the simplex
tableau becomes:

X1 Xy X3 X4

10 10 0 0

X5 0 0 4/3* 1 =173 20
x, 10 1 2/3 0 1/3 20
(z; — c;): 0 -10/3 0 10/3 200

Since (Z2 - C2) <0, thenew solutionisnot optimal. The regular ssmplex method isresorted
to for reoptimization, first by entering X 2

The new optimal tableau is

Xy X3 X3 X4

10 10 0 0
x, 10 0 1 34 -—1/4 15
x; 10 i 0= ip 10
(z;—¢;): 0 o0 52 52 250

The optimal solutionisx1 = 10, x2= 15, with z* = 250.
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Example 4.2 Modification of the requirements vector B

Let the RHS of the second constraint be changed from 60 to 130.
Then Xs= S B becomes

(ﬁ) =57B= ((1) _11/{°,3> (14300) = (13:3;3)

Since X3 < 0, the new solution is not feasible. The dual simplex method used to clear the
infeasibility starting with the following tableau:

X4 X3  Xj X4
20 10 0 0

% .0 0 133* 1 —033 ~3.33
x; 20 1 067 0 033 43.33
(z— ¢)): 0 333 0 667 | 86667

The new final tableau is

x[ .Yz X3 X4

20 10 0 0

x; 20 1 2 0 40
(z;—¢g): 0 30 20 0 800

The optimal and feasible solution is x1 =40, x2 = 0, with z* = 800
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Example 4.3 Modification of the matrix of coefficients A

The problem becomes more complicated, when the technological coefficients of the basic
variables are considered. This is because here the matrix under the starting solution
changes. Inthiscase, it may be easier to solve the new problem than resort to the sensitivity
anaysis approach. Therefore our anaysis is limited to the case of the coefficients of
nonbasic variables only.

L et the technological coefficients of X2 be changed from (2,2)" to (2, 1)".
Then the new technological coefficients of X2 intheoptimal simplex tableau of the original
primal problem are given by:

ste= (o 13) (D)= (1))

Hence the new simplex tableau becomes

Xi X, X3 X4

20 10 0 0 20
x3 0 0 33 A, =13 20
x; 20 1 th: © 1/3 20

Sincehere(Z2 - C2) <0, the new solution isnot optimal. Again the regular simplex method
is resorted to for reoptimization, first by entering X2.
The new optimal tableau is:

Xy X3 X3 X4

20 .48 . B 0
x, 10 0% B8 =15 12
X, 20 1 0 =15 25 16
(z; = ¢;): 0o 0 2 6 440

The optimal solutionisx1 = 16, x2 = 12, with z* = 440
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Example 4.4 Addition of avariable

Let anew variable X« be added to the original problem. Thisisaccompanied by the addition
to A of acolumn P = (3, 1)" and to C" of a component C, = 30. Thus the new problem
becomes:

maximize: Z = 20x1 + 10x2 + 30x

subject to: XI +2X2 + 3X, <40
3x 1+ 2X2+ X <60
with: all variables nonnegative

Then the technological coefficients of X« in the optimal tableau are:

_ 1 -1/3\/3 8/3

1 — —

ST Pk = (0 1/3 )(1) - (1/3)
The corresponding ( Zx - Cx ) = (8/3)(0) + (1 /3)(20) - 30 = 70/ 3.
Thus the modified simplex tableau is:

X1 X2 Xy X3 X4

20 10 30 0 0

Xy 0 0 4/3 8/3* 1 —1/3 20
X, 20 1 23 /3 0 1/3 20
(z;— ¢;): 0 103 =703 0 203 400

Now entering the variable xi , the regular simplex method is applied to obtain the following
optimal tableau.

20 10 30 0 0
x, 30 0 12 1 38 —1/8 15/2
x; 20 . i B 1/8 3/8 35/2
(z; — ¢;) P 7 0 70/8 30/8 575

The optimal solutionisx1 =17.5, x2 =0, xx = 7.5, with z* = 575.
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Example 4.5 Addition of a constraint

If anew constraint added to the system is not active, it is called a secondary or redundant
constraint, and the optimality of the problem remains unchanged. On the other hand, if the
new constraint is active, the current optimal solution becomes infeasible.

Let us consider the case of the addition of an active constraint, 2XI + 3X2 > 50 to the
original problem.

The current optimal solution (x1 = 20, x2 = 0) does not satisfy the above new constraint
and hence becomes infeasible. Therefore, add the new constraint to the current optimal
tableau. The new dack variableis X5 . The new simplex tableau is:

X X5 X3 Xa X

20 10 0 0 0
X4 0 0 4/3 1 -1/3 0 20
x; 20 I 28 0 1/3 0 20
Xs 0 -2 =3 0 0 1 -50
(z;—¢)): 0 10/3 0 203 0O 400

By using the row operations, the coefficient of X1 in the new constraint is made zero. The
modified tableau becomes

X5 X, X3 X4 Xs

s Al TR R R
x; 0 g @48 1 =138 D 20
X, 20 1 23 0 /3 0 20
xs 0 0 —53* 0 2/3 1 —~10
(z,—¢)): 0 103 0 23 0 400
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The dual ssmplex method is used to overcome the infeasibility by departing the variable
X5. The new tableau is:

20 10 O 0 0
x3 0 0 0 1 1/5 4/5 12
Xy 20 1 0 0 3/5 2/5 16
x, 10 0o 1 0 =2/5 =3/5 6
(z; — ¢;): 0 0 0 8 2 380

The tableau on the left gives the optimal and feasible solution as x1 = 16, x2 = 6, x3= 12,
with ¢ = 380

10
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Solved Problems

4.16 Consider the following linear program.

maximize: z=x; + 9x, + X3
subject to:  x; +2x, +3x; < 9
3x; +2x, +2x3 < 15
with: all variables nonnegative

The optimal simplex tableau for the standard form of the above problem (with slack
variables X4 and X5 is:

Xy X3 X3 Xa XNa

1 Y 1 0 0
X, 9 | 05 1 15 05 o 4.5
xs O 2 0 -1 -1 1 6
(z; — ¢;) 35 0 125 45 0 40.5

If the new objective function isto maximize: Z = 6x1 + X2 + 15x3, find the new optimal
solution by the sensitivity analysis approach.

Sol:
The new simplex tableau becomes
X, X3 Xy Xa Xs
6 1 15 0 o
Xy 1 0.5 1 1.5* 05 0 4.5
xg O 2 ) —1 -1 1 6
(z)— ¢ -$S 0 -135 OS5 O 4.5
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Since not al (Zj - ¢j) values are nonnegative, the new solution is not optimal. The regular
simplex method is used to reoptimize the problem, starting with X2 asthe entering variable.

The new optimal tableau is

Ny N2 Xa ~a Xs
o 1 15 0 0
Xy 15 Q 0.571 1 0.429 —0.143 1.714
X G 1 0.286 0 - 0,280 0.429 3.857
(z, — ¢,): 0 929 © 4.71 0429 48.86

The optimal solutionisx1 = 3.857, x2 = 0, x3 = 1.714, with z* = 48.86
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4.18 The optimal solution to the standard form of the following LP problem
maximize: 2z = 35x; + 50x,
subject to:  4x, + 6x, < 120
X+ x;< 20
2x, + 3x, < 40
with:
is given below with slack variables x,, x,, and x:

x; and x, nonnegative

Xy X5 Xy Xz X

35 50 0 0 0
Xy 0 6 o 4 B8 =2 40
x, 35 1 0 0 3 -1 20
X, 50 6 1 o -2 1 0
@ — ¢;): 5 b 8.8 18 700

If the RHS of the constraints is changed from (120, 20, 40)7 to (75, 15, 50)7, find the new optimum
solution by applying sensitivity analysis.

Sol:
X i o =R/ —25
X5 = S 'B becomes (x,) =(0 3 —1)(15) =(—10)
X, 0 -2 1/\50 25

Since x, and x, are negative, the new solution is not feasible. The dual simplex method is used to clear the
infeasibility starting with the following tableau and departing the most negative variable x.

35 5 0 0 0
Xy 0 0 0 1 0 —2* ~25
X, 35 I 0 0 3 = ~10
x; 50 5 1. 0 =3 | 25
@z —c)): O 0 0 5 15 900



Water Resources Management & Economy

4™ stage — Dams & Water Resources Engineering Department — College of Engineering — University of Anbar - Iraq
Asst. Prof. Dr. Sadeq Oleiwi Sulaiman

The new final tableau is

Xy X X3 Xs X
35 50 0 0 0
xs 0 0 0 —-05 0 1 12.5
x, 35 t 0 0% 3 .6 7.5
x, 50 8 T . 0% 3 B 7.5
(z;— ¢;): 8 B .28-+% 0 637.5

The optimal and feasible solution is xT = 7.5, x¥ = 7.5, with z* = 637.5.

4.27 1f anew constraint XI + X3 > 2 is added to the following linear program with
following optimal solution, find the new optimum solution through sensitivity
analysis.

minimize: z = —Xx; + 2x, + 3x;
subject to: —x; + x;+x3= 3
x1+2x2+x3$10

with: all variables nonnegative

The optimal simplex tableau for the standard form of the above problem (with surplus variable x,,
artificial variable x, and slack variable x¢) is

X, 2 -1 1 G 10 3
xs O 8 %=L § =g 1 4
(€ —2)): 1 0 1 2 M=2 0 —6

Sol:

The current optimal solution (x1 = 0, x2 = 3) does not satisfy the new constraint and hence
becomes infeasible. Add the new constraint to the current optimal tableau. The new slack
variableis X 7 and the new simplex tableau is:
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Xy X3 X3 X4 Xs Xs X3
-1 2 3 0 M 0 0
x5 2 wi ' i . el 1 0 0 3
X 0 3 0 -1 2 -2 1 0 4
x5 0 -1 0 —I* 0 0 0o 1 -2
(c;—zj): 1 0 1 2 M-2 0 O -6

The dual simplex method is used to overcome the infeasibility by departing the variable x,. The new tableau is

Xy Xy X4 Xa Xsg Xe X4

-1 2 3 0 M 0 0
Xs 2 -2 1 0 -1 1 0 1 1
x¢ 0 4 0 0 2 -2 1 -1 6
X3 3 LX i 0 0 0 -1 2
(e;—z;): 0 0 0 2 M-2 0 1 -8

The above tableau gives the optimal solution as xf = 0, x¥ = 1, x¥ = 2, with z* = 8.

4.14 Consider the following linear programming (LP) problem.

maximize: z = 3x, + 2x,
subject to: 4x; + 3x, < 120
X, +3x, < 60
with: x, and x, nonnegative

The optimal simplex tableau for the standard form of the above program (with slack variables x;
and x4) 1s

X 1 Xa X3 X4

3 2 0 0
X, 1 0.5 025 0 30
XG 0 225 -025 |1 30
(z;—c): | 0 025 075 0 | %
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If a new constraint x, < 25 is added to Problem 4.14, find the new optimum solution through
sensitivity analysis.

The current optimal solution {x¥ = 30, xI = 0) does not satisfy the new constraint and hence becomes
infeasible. Add the new constraint to the current optimal tableau. The new slack variable is x5 and the new
simplex tableau is

Xy X Xy Xy X4

3 2 0 0 o0
x 3 1 075 0.25 0 0 30
xg O D 225 -025 1 0 30
x5 0 i 0 0 0 1 25
(2, —¢): 0 025 075 0 0 20

Xy Xy Xy Xy X
3 2 0 0 0
X, 3 1 075 025 0 0 30
xs 0 ¢ 225 —02% 1 0 30
xs 0 0 -075%* -225 0 1 =&
(z,— &) 0 025 075 0 0 90

By using the row operations, the coefficient of x, in the new constraint is made zero. The modified tableau

-

The dual simplex method is used to overcome the infeasibility by departing the variable x..
The new tableau is

Xy N2 X3 X4 XNy

3 2 0 0 0
X 3 1 0 0 0 1 25
x; 0O o 0 -1 I 3 15
X, 2 0 1 033 0 -133 6.67
—-c) | 0 0 067 o0 033 | 8833

The above tableau gives the optimal and feasible solution as x§ = 25, x¥ = 6,67, with z* = 8833,
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Linear Programming: Extensions
THE REVISED SIMPLEX METHQOD

Consider the following linear programming problem in standard matrix form:

Maximize: Z=C"X

Subject to: AX =B

With: X=>0

Where X is the column vector of unknowns, including all dlack, surplus, and artificial
variables; CT is the row vector of corresponding costs; A is the coefficient matrix of the
constraint equations; and B is the column vector of the right-hand side of the constraint
equations. They are represented as follows:

X1 Cy B, 0 yy G2 ... Gy,

Xa Ca 32 0 s, ass oroth (12"
X = , C= , B = , 0= A=

X J B, 0 Oos Wow viw: B

Let Xs = the column vector of basic variables, C = the row vector of costs corresponding
to Xs, and
S =the basis matrix corresponding to Xs.

STEP 1: ENTERING VECTOR P« :

For every nonbasic vector P, calculate the coefficient

Z-C=WP-¢ (maximization program), or

Ci-Z=Cj-WP (minimization program), whereW = C% S™.

The nonbasic vector P, with the most negative coefficient becomes the entering vector
(EV.), P«.

If more than one candidate for E.V. exists, choose one.

STEP 2: DEPARTING VECTOR P :

(a) Calculate the current basis Xs; Xs=S'B

(b) Corresponding to the entering vector Py, calculate the constraint coefficients {k:
tk =St P
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(c) Calculate theratio 0:

40 0
# = min {(S)',t‘k > O},i= L,2,..iym

i Lix

The departing vector (D.V.), P,, is the one that satisfies the above condition.
NOTE: If all tix <0, there is no bounded solution for the problem. Stop.

STEP 3: NEW BASIS

Soeh =ES”!, where E= (u,,..., R e Ry, u,)
t M 25
— L ifi#r
n [
Note, n = _2 , Where n, = ;
: — ifi=r
n tre

and u; isacolumn vector with 1 in the ith element and O in the other (m - 1) elements.
Set St = Sew ! and repeat steps 1 through 3, until the following optimality condition is
satisfied.
Zj - ¢j = 0 (maximization problem), or
Cj - Zj = 0 (minimization problem)
Then the optimal solution is as follows:

Xs=S1B; Z=Cf Xs
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Solved Problems

5.1 Use the revised simplex method to solve the following problem.
Maximize: Z=10 X1+ 11 X2
Subject to: X| + 2X2 < 150
3x | +4X2 <200
6x | +x2 <175
With: X1 and X 2 nonnegative
Sol:
This program is put in standard form by introducing the slack variables X3, X4, and X5,
maximize: = 10x, + 1lx; + Ox; + Ox, + Oxq

subject to:  x; + 2x3 + x, = 150
3x, + 4x, + X4 = 200
6.\:1 + X3 + X = 175

with: all variables nonnegative

&b 2\ 1 [0 [0\ 150
P,=(3),P2= 4),13:(0 .a:(n .P,_=(n),n= 200
6/ \ 1/ .0 \ 0 ) 175
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Inivializarion: : .
yé Xs = (Xq X4 %5)73 €T = (0, 0, 0)
I 0 0
S={P$.‘P¢,P$)=I=S-l= 0 1 0
Iteration No.1: 0 0 1
The nonbasic vectors are P, and P,.
{a) Entering Vector:
W= Cfs ! — (0,0,0 = (0,0,0)
1 2
Fy =€z —¢3) = W(P, Py) — (c,, ¢3) = (0, 0:0)(3 ") = (10, 1) = (~10, —11)
6 1

Since the most negative coefficient corresponds to Py, it becomes the entering vector (E.Y.).

(6) Departing Vector:
150
XS-S"B:]B:B: 200

175

2
tl = S"P) — IP2 - p2 - (4)
I

o= min{'_;(.) = ’_"’5} -5

2 y —"

Since the minimum ratio correspands ta P,. it becomes the departing vector (D.V.),

(¢) New Basis:

Zfa
';’ -8 [-122
. o 1_ 3 1/4 | = /4l E={u,nu,)
4 —1/4 —1/4
1z
(#3)
1 =172 ¢
Sil=ES '=El=E=|0 114 0
0 —-1/4 1

Summary of Tieration No. 1:
Xs = (x5, x5, %) CI=(0,11,0)

8
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lteration No, 2:
Now the nonbasic vectors are P, and P..

(a) Entering Vector:

i =122 0
W=CiS "=, 11,0)( 0 114 0] =(0,11/4,0)

0 — l/"‘ I
1 D
(2y —er 24— ) = WPLP) ~(c,e)=(0.11/4,0) 3 1] - (10,0) = (—7/4, 11/4)
6 0

Sinee the most negative coefficient corresponds 1o Py, il becomes the entering vector (E.V.).

(b) Departing Vector:
1 —1/2 0\/150 30
xs=s-'8= 0 1 ) 200 ) = 50
0 —1/4 1/\ITS5 125

1 -2 0\/! —1/2

n=S"'p=(0 14 ofl3]=| 34

0 —-1/4 I/\6 21/4
o=minf-. %0 151 _ oy

3/4 21/4

Since the minimum ratio corresponds to Py, it becomes the departing vector (D.V.).,

(¢) New Basis:

-1y, _—],"2
LT 21/4 221
. o B (7 B) SO PSSy
Is) 21/4 421
1 *r '
tsy ) 21/4

1 0 2021\/1l =12 0O L =iyn 2@
S Ll=B'=|0 1| —-17H0 14 0)=|0 2/7 =17
0 0 421/\0 —1/4 1 0 =121 421

Summary of Iteration No, 2

Xg # (%3, %3, %)% CY = (0, 11, 10)

9
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Iteration No. 3:
Now the nonbasic vectors arc Py and P,.

(a) Entering Vector:

1 —=11/21 2/21

W CIS™ = (0,11, 10)(0 27 =177 ) - (0, 8/3, 1/3)
0 =12 4,21

0 0
(25 = 5,24 = €g) = W(Pg, Py) — (cq, cg) = (0, 8/3, ]/3)(0 l) ~(0,0) = (1/3,8/3)
1 0

Since all the coefficients are nonnegative, the above step gives the optimal basis. The optimal values of the
variables and the objective function are as follows:

Xy 1 —11/21 2721\ /150 1300/21
X, | =8 B={0 2/7 -7 |{200]={ 2257
X, 0 -y 421/ \175 500/21

1300,21
:=CiXs=(0, 11,10 225/7 | =1775/3

500,21

10
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Example 2:
Use the revised simplex method to solve the following problem.
minimize: z = 3x; + 2x, + 4x; + 6x,
subject to:  x; 4+ 2x, + X34+ x, > 1000
2x; + X34 3x3 + Txg = 1500

with: all variables nonnegative

Sol:

This program is put in standard form by introducing the surplus variables x; and x,, and the artificial
vaniables x; and xg.

minimize: = = 3x, + 2x; 4 4x; + 6x, + Oxg + Mx, 4 Oxy + Mxy
subject 10 X, 4+ 2x; + Xy + X, — Xy 4+ Xg w~ 1000
2\.‘| -+ .‘2 + JI, 4 7.\’,‘ oy x7 + x; - IS(K)

with:  all variables nonncgative

(e () e () (o= (om ()
e )me () 0 (22
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Initializarion:
Xs = (xg xg)"; CI=(M, M)

1 0
S- PP =l= -l:-
(Py, Py) S (0 |)

Iteration No. 1:
The nonbasic vectors are Py, P,, Py, P,, P, and P,.
{a) Entering Vector:
W= CiS™ ! =(M, M)l = (M, M)

€y =2,¢6; -2, €3 = 23, €4 — 24, C5 = 25, €9 — 27) = (€}; €34 €3, C4, C5, C5) ~ W(P,, P, P, P, Ps, P,)

L2 1 1 =1 0
=(3,2,4,6,0,0) — (M,
( Shoa-M M)(Z $ X 0 —l)

=(—3M+3, -3M + 2, ~4M + 4, —8M + 6, M, M)
Since the most negative coefficient corresponds to P,, it becomes the entering vector (E.V.).
(b) Departing Vector:
I(DO); ;=S 'P,=IP,=P, -(l)
1500 7

0 = min{1000, 1500/7} = 1500/7

Since the minimum ratio corresponds to Py, it becomes the departing vector (D.V.,).
(¢) New Basis:

xs=s-la=m=n=(

—lss
[ 9 L ® —l}'.7 i
n -l_ -( 13‘7)' E=(u,n)
Igq
SL=FES!'= EI=E=(I '”7)
0 1/7

Summary of Iteration No. I:

Xs = (xg xa)"s CI=(M,6)
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Itevation No. 2:
Now the nonbasic vectors are Py, Py, Py, Py, Py, and P,

(a) Entering Vector:

7

”7) - (M,6/7T— M/7)

W=CIS™'=(M, 6)(:)

((.'| —24,€3 — 23,03 — T3, Cy — Ty 05 =~ L5 C7 — .1) = (C‘, Uy, Cy, Cg, Cs, Ccq) — W(Pl, P;, P&' Pg, Ps. P‘;)

- (3,2,4,M,0,0) — (M, 6/7 — M[7)
" ( 1 2 1 0 =1 o)
3 3 &7 0 -1
= (—5M/7+9/T, —13M/7 + 8/7, —4M /7 + 10/7,
8M/T —6/T. M, ~ M7+ 6/7)

Since the most negative coefficient corresponds to Py, it becomes the entering vector (E.V.).

(h) Departing Vector:

0 17771500

¢ <SP _(l —l.’7)(2 _(13)'7)
S S I T 1/7

/ /
0= min{??"?ff e ’} 2 mm{i”_‘{ ,sm} 850
13/7 117

X, =$"'B= (‘ B "’7)('000) = (1000 — 1500/7, 1500/7) = (5500/7, 1500/7)

Since the minimum ratio corresponds to Py, it becomes the departing vector (D.V.).

(¢} New Basis:
1 1
tes 13/7 ( 7,.»'13) :
= = — N E= X
1 i R —1/13 (m, )
lsz ’3/‘7

§-1 w ES! =( 713 0)(1 - 1‘-‘7) ..=( 7/13 -ms)
- —-1/13 1)\ 17 -1/13 213
Summary of Iteration No. 2

Xy = (x;, X" Ci=(26)
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Iteration No. 3:
Now the nonbasic vectors arc Py, Py, Py, Py, Pg, and P-.

{a) Entering Vector:

713 —-1/13
-1/13 2/13
{cl — Il =245, Cy — 23,0 =~ SOy — TgyCq = 27} = (cl' Ces €34 Cg,y s, 07) — W(Ph PG' P). Pﬂ' PS' P7)

- (3v M| 4. MOO'O) - (8;”3' 10/13)
I 1 1 0 =1 0
x
(2 03 1 0 -1)
= 11/13, —8/13 + M, 14/13, —10/13 + M,
8/13, 10/13)

wW=CiSs"! =(2.6)( ):(8/!3, 10/13)

Sinf:e all the coefficients are nonnegative, the above step gives the optimal basis, The optimal values of the
variables and the objective function are as follows:

(x,) SEaie =( 7/13 -1/13)(1000) . (5500;13)
X4 =1/13  2/13/\1500/  \2000/13

" 5500/13
z=CiXgm= 2,6)( ):.2 J
s Xg = 3 3000/13
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Example:

An industry must have awater supply of at |east 4x10° liters/day of aquality such that total
dissolved solids (TDS) is kept below 100 mg/l. The water can be obtained from two
sources. (1) purchase from the city system at $100 per million liters, and (2) pump from a
nearby stream at $50 per million liters. The concentration of TDS in the city source is 50
mg/l. TDS in the stream is 200 mg/l. Water from the two sources is completely mixed
beforeit is used. The city can supply up to 3.5x10° I/day, and water rights permit pumping
up to 2x10° I/day from the stream.

a. Formulate a linear program to optimize the amount of water used from each source.
Define your decision variables and the meaning of the objective function and constraints.
b. Use the revised simplex method to determine the optimal solution.

Quiz 24-11-2015: Revised simplex

An agueduct constructed to supply water to industrial users has an excess capacity in the
months of June, July, and August of 14,000 acft, 18,000 acft, and 6,000 acft, respectively.
It is proposed to develop not more than 10,000 acres of new land by utilizing the excess
agueduct capacity for irrigation water deliveries. Two crops, hay and grain, areto be grown.
Their monthly water requirements and expected net returnsare given in thefollowing table:

Monthly Water Requirement (acft/acre)

June July August Return, $/acre
Hay 2 1 1 100
Gran 1 2 0 120

Formulate and solve alinear program to optimize the irrigation development. (use revised
simplex method)
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Integer Programming: The Transportation Algorithm

The transportation algorithm is a specia class of linear programs that deals with
shipping a commodity from sources (e.g. factories, reservoirs,....etc.) to destinations (e.g.
warehouses, farms, ...... etc.).

The objective: isto determine the shipping schedule that minimize the total shipping cost
while satisfying supply and demand limits.

The application of the transportation model can be extended to other areas of operation,
including inventory control, employment scheduling, and personal assignment.

Definition of the transportation algorithm
The general problem is represented by the network below:
There are (m) sources and (n) destinations, each represented by a node. The arcs
represented the routes linking the sources and the destinations. Arc (i,j) joining the source
(i) to destination (j) carriestwo pieces of information: the transportation cost per unit (Cij),
and the amount shipped(Xij). The amount of supply at source (i) is (ai), and the amount of
demand at destination (j) is (bj).
The objective of the transportation model is to determine the unknowns Xij that will
minimize the total transportation cost while satisfying al the supply and demand
restrictions.
STANDARD FORM
It is assumed that the total supply and total demand are equal; that is,

impal=Yigbj (1)
Equation (1) is guaranteed by creating either a fictitious (dummy) destination with a
demand equal to the surplus if total demand is less than total supply or afictitious source

with a supply equal to the shortage if total demand exceeds total supply.
The standard mathematical model for this problemis:

"
minimize: 2= ) 3 ¢

subject to; Y x;ima (i=1,....m)
. 2,

with: all x,, nonnegative and integral
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Example: acompany hasthree factories, A, B, and C. the capacities of the three plantsare
250, 350, and 300 pieces respectively. The company exported its products to three
warehouses D, E, and F that have a capacity of 200, 300, and 400 pieces, respectively. The
transportation costs per piece on deferent routes in dollar are given in table below:

1- Representation of the transportation model with nodes and arcs.

2- Simulate the transportation problem using transportation tabl eau.

To
D E F
Fro
A 5 4 3
B 7 5 6
C 5 6 9
Sol:
1- Representation of the transportation model with nodes and arcs.
Sources Destinations
A:250 5 » | D:200
B =350 E : 300
C =300 F : 400
a1 C11:x11 _ @
> b1
: OF
Unit of supply Unit of demand

am

© 006
7
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The problems of transportation model can be solved with more conveniently using the
transportation tableau as shown intable below: (Tableau 1)

Destination 1 2 | n Supply | Ui
Source
1 x| Clty xi2 clzg XIn | Cln al Ul
2 x21 | G2l xz2 (C2| X2n | €l w2
m Xmi | Cmij Xm2 |Ccmz2) Xmn | Cmn Am Um
0 0 0
(dummy) | | |
Demand bl b2 bn
Vj V1 V2 Vn
Where : - Cij = unit transportation cost
- Xij = the amount of unit that shipped
- a =theamount of supply at sourcei
- b} =theamount of demand at destination |
- m =number of sources
- n =number of destinations
ination
Source D E F Supply
A S 4 3 | 250
B ’ 5 6| 350
C 5 6 9]| 300
Demand 200 300 400
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Deter mination of the starting solution
A general transportation model with (m) sources and (n) destinations has (m+n) constraint
eguations, one for each source and each destination. However, because the transportation
model is aways balanced (sum of the supply = sum of the demand), one of these equations
is redundant. Thus, the model has m+n-1 independent constraint equations, which means
that the starting basic solution consists of (m+n-1) basic variables. Thus in the above
exampl e the starting solution must have (3+3-1=5) basic variables.
The transportation algorithm is the smplex method specialized to the format of Tableau
1; asusudl, it involves
(i) Finding aninitial, basic feasible solution;
(i) Testing the solution for optimality;
(iii) Improving the solution when it is not optimal; and
(iv) Repeating steps (i) and (iii) until the optimal solution is obtained.
The specia structure of the transportation problem allows starting basi ¢ solution using one
of these methods:

1- Initial solution using Northwest corner method with: A) Modified distribution

method. B) Stepping stone method.
2- Vogel’s approximation method
3- The Hungarian method.

Northwest Corner with Modified Distribution method

Beginning with the (1,1) cell in Tableau 1 (the northwest corner), allocate to X11 as many
units as possible without violating the constraints. This will be the smaller of al and b1.
Thereafter, continue by moving one cell to theright, if some supply remains, or, if not, one
cell down. At each step, alocate as much as possible to the cell (variable) under
consideration without violating the constraints: the sum of the ith-row allocations cannot
exceed ai, the sum of the jth-column allocations cannot exceed bj , and no allocation can
be negative. The allocation may be zero.

Variablesthat are assigned values by this starting procedure become the basic variablesin
the initial solution. The unassigned variables are nonbasic and, therefore, zero. We adopt
the convention of not entering the nonbasic variablesin Tableau 1- they are understood to
be zero-and of indicating basic-variable allocations in boldface type.
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TEST FOR OPTIMALITY

Assign one (anyone) of the Ui or V] in Tableau 1 the value zero and cal culate the remaining
Ui and V| so that for each basic variable Ui + Vj = Cij Then, for each nonbasic variable,
calculate the quantity Cij - ui — V| . If al these latter quantities are nonnegative, the current
solution is optimal; otherwise, the current solution is not optimal.

IMPROVING THE SOLUTION
Definition: A loop is asequence of cellsin Tableau 1 such that:

(i)  each pair of consecutive cedlls liein either the same row or the same column;

(i)  nothree consecutive cells lie in the same row or column;

(iii) thefirst and last cells of the sequence lie in the same row or column;

(iv) no cell appears more than once in the sequence.
Example 8.1 The sequences {(1, 2), (1, 4), (2, 4), (2, 6), (4, 6), (4, 2)} and {(1, 3), (1, 6),
(3,6), (3,1),(2,1), (4,2, (2,4, (2, 3)} illustrated in Figs. 8-1 and 8-2, respectively, are
loops. Note that a row or column can have more than two cells in the loop (as the second
row of Fig. 8-2), but no more than two can be consecutive.

1|2 (3|4 ]|5]|6 1| |2 !3 [4 516 f
-~ , : : 1 ;
| .—s-b— —‘ i . - ——-4—. [
! h {
| [ |
2 f | o -+-|o| | 2| o1-0 | @0 !
b $ | s | ! '
r ! ¢ ! -
I ! ? : ] 1
3 | { ‘, ' 3| @A=d=te-cd-i-}-ud-g
- - | 0
| |
K o- —-4---'-,—--- -® 1 o-+-1@ '
| | l i |
Fig. 8-1 Fig. §-2

Consider the nonbasic variable corresponding to the most negative of the quantities
Cij - Ui — Vj caculated in the test for optimality; it is made the incoming variable.
Construct a loop consisting exclusively of this incoming variable (cell) and current basic
variables (cells). Then alocate to the incoming cell as many units as possible such that,
afte appropriate adjustments have been made to the other cellsin the loop, the supply and
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demand constraints are not violated, all allocations remain nonnegative, and one of the old
basic variables has been reduced to zero (whereupon it ceases to be basic).

DEGENERACY

In view of condition (8.1), only n + m - 1 of the constraint equations in system (8.2) are
independent. Then, by Problems 2.19 and 2.20 a non-degenerate basic feasible solution
will be characterized by positive values for exactly n+ m - 1 basic variables. If the process
of improving the current basic solution resultsin two or more current basic variables being
reduced to zero simultaneously, only one is allowed to become nonbasic (solver's choice,
although the variable with the largest unit shipping cost is preferred).

The other variable(s) remains (remain) basic, but with a zero alocation, thereby rendering
the new basic solution degenerate.

The northwest corner rule always generates an initial basic solution; but it may fail to
provide n + m - 1 positive values, thus yielding a degenerate solution.

If Vogel's method is used, and does not yield that same number of positive values,
additional variables with zero allocations must be designated as basic (see Problem 8.6).
The choice is arbitrary, to a point: basic variables cannot form loops, and preference is
usually given to variables with the lowest associated shipping costs.

Improving a degenerate solution may result in replacing one basic variable having a zero
value by another such. (Thisoccurs at the first improvement in Problem 8.4.) Although the
two degenerate solutions are effectively the same-only the designation of the basic
variables has changed, not their values-the additional iteration is necessary for the
transportation agorithm to proceed.
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Example 2:
Solve the previous example using Northwest modified distribution method.
Sol:

Destination D E F Supply | Ui
Source

A 200 | 5| 50 | 4 3 | 250

B 7 | 250 5 100 6 350

C 5 6] 300 |9 300
Demand 200 300 400

Vi

m+n-1 = 3+3-1 = 5 basic variable

To determine whether the initia alocation found in Tableau above is optimal, we first
calculate the terms Ui and V| with respect to the basic-variable cells of the tableau.
Arbitrarily choosing U 1 =0 (choose any row or column contains more basic variablesthan
any other row or column, this choice will simplify the computations, if it is same choose
any one), we find:

(4, cdl:Ul+V1=Cl1l1,0+V1=50V1=5

(1,2) cell: U1 +V2=C12,0+V2=4,0rV2=4

(2,2) cell: U2+V2=C22,U2+4=50rU2=1

(2,3)cdl: U2+V3=C23,1+V3=6,0rV3=5

(3,3) cel: U3+V3=C33,U3+5=9,0orU3=4

These values are shown in Tableau below. Next, we calculate the quantities Cij - Ui - V]
for each non-basic variable cell of Tableau above.

(1, 3) cell: C13-U1-Vv3=3-0-5=-2

(2,1) cel: C21-U2-V1=7-1-5=1

(3,1) cel: C31-U3-V1=54-5=-4

(3,2) cell: C32-U3-V2=6-4-4=-2
These results also are recorded in Tableau below, in parentheses.
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Sourcea'”a“on D E F Supply | Ui
A 200 | 5| S0 (-2) 250 | 0
B (1 |7 | 250 100 350 | 1
C 4+ 2| (-2 300 300 | 4
Demand 200 300 400
Vj 5 4 5

Since at least one of these (cij - Uj — vj)-values is negative, the current solution is not
optimal, and a better solution can be obtained by increasing the allocation to the variable
(cell) having the largest negative entry, here the (3, 1) cell of Tableau above. We do so by
placing a boldface plus sign (signaling an increase) in the (3, 1) cell and identifying aloop
containing, besides this cell, only basic-variable cells. Such aloop is shown by the heavy
linesin Tableau above. We now increasethe allocation to the (3,1) cell asmuch aspossible,
simultaneously adjusting the other cell alocations in the loop so as not to violate the
supply, demand, or nonnegativity constraints. The new basic solution, also degenerate, is
given in Tableau below.

o ngon D E F Supply | Ui
A @ |5 ] 250 " 250 | 1
B 5 [ 7| 50 300 350 | O
C 200 S (-2) 100 300 | 3
Demand 200 300 400
Vj 2 5 6

For each basic variable

LetU2=0

(2,2) cal: U2+V2=C22,0+V2=50rV2=5
(2,3) cell: U2+ V3=C23,0+V3=6,0rV3=6




Water Resources Management & Economy

4" stage — Dams & Water Resources Engineering Department — College of Engineering — University of Anbar - Iraq
Asst. Prof. Dr. Sadeq Oleiwi Sulaiman

(1,2) cell: UL+V2=C12,Ul+5=4,0rUl=-1

(3,3)cell: U3+V3=C33,U3+6=9,0rU3=3

(3,1 cdl: U3+V1=C31, 3+V1=50V1=2

Next, we calculate the quantities Cij - Ui - V] for each non-basic variable cell of Tableau
above.

(1,1) cell: C11-U1-V1=5-(-1)-2=4

(1, 3) cell: C13-U1-V3=3-(-1)-6=-2

(2,1) cell: C21-U2-V1=7-0-2=5

(3,2) cell: C32-U3-V2=6-3-5=-2

Ination D E F Supply | Ui
Source
A (6) 51 (2 4 1250 | 3 | 250 | 3
B (5) 7 | 300 [ 5 50 [6] 350 |6
C 200 [ 5 | (2+ [6] 100 [9] 300 |9
Demand 200 300 400
Vi -4 -1 0
For each basic variable

LetV3=0

(1,3) cell: UL+V3=C13,U1+0=3,0rU1=3
(2,3)cell: U2+V3=C23, U2+ 0=6,0rU2=6
(3,3) cdl: U3+V3=C33,U3+0=9,0rU3=9
(2,2) cell: U2+V2=C22,6+V2=50rV2=-1
(3,) cdl: U3+V1=C31, 9+V1=50V1l=-4
Next, we calculate the quantities Cij - Ui - Vj for each non-basic variable cell of Tableau
above.

(1,1 cel: C11-U1-V1=53-(-4) =6

(1, 2) cell: C12-U1-V2=4-3-(-1) =2

(2,1) cell: C21-U2-V1=7-6- (-4) =5

(3,2 cdl: C32-U3-V2= 6-9- (-1) =-2

10
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Ination D E F Supply | Ui
Source
A 4) (2 250 250 | -3
B 3 200 150 350 | O
C 200 100 (2 300 1
Demand 200 300 400
Vi 4 5 6
For each basic variable

Let U2=0

(2,2) cel: U2+V2=C22,0+V2=50rV2=5
(2,3) call: U2+V3=C23,0+V3=6,0rV3=6
(1,3) cell: UL+V3=C13,U1+6=3,0rUl=-3
(3,2) cdl: U3+V2=C33,U3+5=6,0orU3=1
(3,1 cell: U3+V1=C31, 1+V1=50V1=4
Next, we calculate the quantities Cij - Ui - Vj for each non-basic variable cell of Tableau
above.

(1,1) cell: C11-U1-V1=5-(-3)-4=4

(1, 2) cell: C12-U1-V2=4-(-3)-5=2

(2,1) cell: C21-U2-V1=7-0-4=3

(3,3) cdl: C33-U3-V3= 9-1-6=2

It is seen that each Cij - Ui — Vj isnonnegative; hence the new solution is optimal. That
IS, X13 = 250, X22 = 200, X23 = 150, X31 = 200, X32 = 100, with all other variables
non-basic and, therefore, zero. Furthermore,

7* = 250(3) + 200(5) + 150(6) + 200(5) + 100(6) = 4250 $

11
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8.1 A car rental company is faced with an alocation problem resulting from renta
agreements that allow cars to be returned to locations other than those at which they were
originaly rented. At the present time, there are two locations (sources) with 15 and 13
surplus cars, respectively, and four locations (destinations) requiring 9, 6, 7, and 9 cars,
respectively. Unit transportation costs (in dollars) between the locations are as follows:

Dest. Dest. Dest. Dest,
1 2 3 gl
Source 1 45 17 21 30
Source 2 14 I8 19 31

Set up theinitia transportation tableau (Tableau 8-1) for the minimum-cost schedule.
Sol:

Since the total demand (9 + 6 + 7 + 9 = 31) exceeds the total supply (15 + 13 = 28), adummy source
is created having a supply equal to the 3-unit shortage. In reality, shipments from thisfictitious source are
never made, so the associated shipping costs are taken as zero. Positive allocations from this source to a
destination represent cars that cannot be delivered due to a shortage of supply; they are shortages a
destination will experience under an optimal shipping schedule .

. For this problem, Tableau 8-1 becomes Tableau 1A. The xij' u;, and vj are not 'entered, since they are
unknown at the moment.

Destinations
1 2 ] 3 < Supply ",
45 17 21 30
| | 15
14 18 19 3
2 13
5 0 0 ’ 0 0
{dummy) 3 [ 3
|
Demand 9 6 7 9
v '
: !
Tableau 1A
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For an m x n transportation tableau, show that the northwest corner rule evaluates n +m — |
of the variables.

Observe that afler treating the (1, 1) cell, the ruke is applied In the same form 10 a subtablkau, e new
northwest corner being either the original (1, 2) cell or the original (2, 1) cell. Suppose then (mathematical
induction) that the result holds for the subtableaw, which is etther mr x (n — 1) of (m — 1) x n. In cither case,
n 4+ m — 2 variables are evaluated in the subtableaw, o that

m+m—2+I=n+m—1

variables are evaluated in the tableaw. Since the result obviously bkolds when # = m = |, the proof by
induction is complete.

Use the northwest carner rule to obtain an tnitial allocation to Tableau 1A,

We begin with x,, and assign it the minimum of ¢, = 15 and b, = 9. Thus, x,, = 9, Jeaving six surplus
cars at the first source, We next move one cell to the right and assign x,, = 6. These two allocations together
exhaust the supply at the first source, so we move one cell down and consider x,,. Observe, however, that
the demand ut the sccond destmation has been satisfied by the x,, allocation, Since we cannot deliver
additional cars to it without exceeding its demand, we must assign x;; = 0 and the move one cell to the
right. Continuing in this manner, we obtam the degenerate solution (fewer than 4 4 3 — 1 = 6 posirtive entrics)
depicted in Tableau 1B,

1 2 3 4 Supply u
45 17 bt 30
i 15
9 6
14 18 19 31
2 13
0 7 [
0 0 0 0
(dummy) 3 3
3
Demand 9 6 7 9
o
Tablean 1B

Solve the transportation problem described in Problem 8.1,

To determine whether the initial allocation found in Tableau 1B 15 optimal, we first calculate the terms
w; and o; with respect to the basic-variable cells of the tableaw, Arbitrarily choosing u; = 0 (since the second
row contains more basic variables than any other row or column, this chosce will simplify the computations),
we find:
{2,2) celk: Uy +Uy=Czs O+v:=18 or v, =18
(2,3)celll  wy+vy=cyy O+v =19 or py=19
° {2.4) cell: Uy gy, O4+9,=31, or uv,=31
(1, 2)cell wy4vy=cyp w, +18=17, or u, = —1|
(1, 1) celk: W+ D=0y —1+0,=45 or v,=48
(3, 4) cell: Wy + 10y =0Cups U3 +31=0, or n;= 3]
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These values are shown in Tableau IC. Next we calculats the quantitics ¢, — u, — v, for each nonbasic-
variable cell of Tubleau 1B,

(L3)eced: ¢y —ty, —vy3=21—=(=1)~19=13
(1,4) cell: Coa= MW =Ug=30 —(=1)-31=0
(2, eell: oy =uy=—v, =14 —-0—-46=-32
Bheel: oy —ty—o,=0—(=31)—46= —15
(3, 2) cell: Cya—Uy—ty=0—(=31) ~ I§ =13
(3, 3) cell: Cyy =y =Dy Q= (=3[)—19=12

These results also are recorded in Tableau 1C, in parentheses.

1 2 3 4 Supply y,
45 17 21 0
1 15 —
4 18 19 31
2 13 0
=32) 4 mp— 7 6
0 0 0 0
(dummy) 3 3 —31
(—15) (13) (12) 3
Demand 9 6 7 9
Y 46 18 19 31
Tableau 1C

Since at least one of these (c;; — w; — vy)-values is negative, the current solution is not optimal, and a
better solution can be obtained by increasing the allocation to the variable (cell) having the largest negative
entry, bere the (2, 1) cell of Tableau 1C. We do so by placing a boldface plus sign (signaling an merease) in
the (2, 1) cell and identifying a loop containing, besides this cell, only basic-vasiable cells. Such a Joop is
shown by the heavy lines in Tableau 1C. We now increase the allocation to the (2, 1) cell as much as possible,
simultancously adjusting the other cell allocations in the loop so as not 1o viokate the supply, demand, or
nonnegativity constraints. Any positive allocation 1o the (2, 1) cell would force x,, to become negative. To
avoid this, but still make x,; basic, we assign x;, = 0 and remove x,, from our set of basic variables. The
new bisic solution, also degenerate, i given in Tableau 1D,

We now check whether this solution is optimal, Working directly on Tableau 1D, we first cakulate the
new u; and o, with respect 10 the new basic variables. and then compute ¢, — u, — v, for each nonbasic-
variable cell. Again we arbitrarily choose 4; = 0, since the second row contams more basic variables than
any other row or column. These results are shown in parenthesss in Tableau |E Since two entries are
negative, the current solution is not optimal, and a better solution can be obtained by increasing the allocation
to the (1, 4) cell. The loop whereby this is accomplished is indicated by heavy lines in Tablean 1 E; it consists
of the celis (1,4). (2,4), (2, 1), and (1, I} Any amount added to cell (1, 4) must be simultancously subteacted
from cells (1, 1) and (2, 4) and then added to cell (2, 1), 50 as not to violate the supply-demand consteaints.
Therefore, no more than six cars can be added to cell (1, 4) without forcing x,, negative. Consequently, we
reassign x,, = 4, make the appropriate adjustments in the loop, and remove x,, as a basic variable The
new, nondegenrerate basic selution is shown in Tableau IF.
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1 2 3 < Supply W
45 17 21 30
1 15
9 6
14 18 19 31
2 13
[} 7 6
0 i} 0 0
(dummy) 3 3
3
Demand 9 6 7 9
by
Tablesu 1D
1 2 3 4 Supply u
45 17 21 0
1 6 (~29) (~32) 15 31
9 +
1 XY
14 18 19 3 \
2 32) 7 13 0
0 6
0 0 0 0
(dummy) 3 3 =31
(17 (45) (12) 3
Demand 9 6 7 9
v, 14 -14 19 £
Tableau 1E

After one further optimality test (negative) and consequent chunge of basis, we obtain Tableau TH,
which also shows the resalts of the optimality test of the new basic solution. It is seen that each ¢y ~ u, —~ 1,
15 ponnegative; hence the new solution 15 optimal, That L xf, =6 373 =3, x5 =6, x3, =9, s, =4,
x1. = 3. with ull other variables nonbasic and, therefore, zero. Furthermore,

=* = 6(17) + 321) + 6(30) + 9(14) + 4(19) + 3(0) = §547

The fact that some positive allocation comes from the dummy source indicates that not ali demands
can be met under this optimal schedule In particular, destination 4 will receive three fawer cars than it needs.
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! 2 3 4 Supply | u
45 17 21 30
1 15
3 6 6
14 18 19 3
2 13
6 7
0 0 0 0
(dummy) 3 3
3
Demand 9 6 7 9
)
Tablean IF
1 2 3 B Supply u
45 17 21 30
1 15 0
(29) 6 3 6
14 18 19 31
2 13 -2
9 3 4 3)
0 0 0 0
(dummy) 3 3 - 30
(14) (13) (9) 3
Demand 9 6 7 9
v 16 17 21 30
Tableau TH